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ABSTRACT

Among the several models of fertility that have
been developed, the Gompertz function has been shown to
perform quite well. The fit to cumulative fertility by
age of women is better in the middle age range than in the
tails of the distribution, especially for high fertility

populations. An empirical transformation of the age scale
is developed to produce a better fit to the entire repro-
ductive period. The substitution of age by this transformed
scale results in the transformed Gompertz model of fertility:
(€9) 0 <P,Q<1
Foo RIS 0 <F

where F(xX) 1is cumulative fertility by age of women, x, F
is completed fertility, P and Q are parameters and Ys(X) is

the transformed age scale. The model can also be written as:
Y(X) - 0o ¢ BYs(®
where Y(xj - -In(-In F(x)/F), o - -In(-InP) and B m -InQ.

Ys(xX) 1is obtained b% averagln? over a selection of trans-
formed patterns of high fertility schedules generated by the
empirically based Coale Trussell model of fertility.

The model is tested using several sets of good
quality fertility rates for birth cohorts of women, including
a series of simulated rates developed especially for this

purpose. Both the goodness of fit of the model and its pro-
jection capabilities from incomplete cohort data are shown to
be good. Fitting is by the least squares method with

equal weights.

Several sets of poorer quality, high fertility,
cohort data obtained from maternity histories collected in
Bangladesh, Sri Lanka and West New Guinea are used to illus-
trate the application of the model. Fitting for these data
is by least squares with an infinite weight on reported
parity at the time of the survey. The estimates of com-
pleted fertility are plausible, and the fitted curves pro-
vide evidence of reporting errors in the data. There is
also evidence of trends over time in the level and pattern
of fertility.
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CHAPTER 1

INTRODUCTION

During the last fifty years, a considerable
amount of demographic research has been focused on
the representation of fertility by means of various
models. The majority has been concerned with models of
fertility by age of women, but some has considered
fertility by duration of marriage. In most, if not all,
instances the natural time scale has been used.

The models have been used for two purposes:
for the graduation of fertility rates and for the pre-
diction of the level of fertility from incomplete data.
Both period and cohort fertility rates have been used as

illustrations.

Theoretical Models Applied to Fertility

Pearsonian Type | (Beta) and Tytse 111 (Gamma)
curves were the first to be fitted to age snecific
fertility rates (Wicksell, 1931), followed in later years
by proposals of functions by Hadwiger (1940, 1941) and
Mazur (1963). These functions and the estimation of
their parameters have been investigated by Tekse (1967) ,
amongst others, but none has been shown to be consis-
tently superior for all fertility patterns and all leave

room for improvement.
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The Pearson Type 1 function has received more
recent attention (Mitra, 1967; Mitra and Romaniuk, 1973;
Romaniuk, 1973). By assuming a fixed age interval of
fertility, the number of parameters to be estimated is
reduced from five to three without a significant loss of
fit.

For representing the age pattern of fertility,
Talwar (1970, 1974) expresses his preference for the Sg-
system of curves because of their simplicity in fitting.
This system is based on the translation of the data to
the Noi.nal distribution, and deals with ratios rather
than rates so that the level parameter is lost.

The three parameter Gompertz function has also
been successfully used to represent fertility rates.
Martin (1967) used this function for the graduation of
cohort data cumulated by age, as did Wunsch (1966).
Romaniuk and Tanny (1969) fitted Gompertz curves to
incomplete cohort data for prediction purposes, but found
the results disappointing. A much improved iterative
method of fitting was proposed by Murphy and Nagnur (1972),
but reservations about the use of the curve for predic-
tion were not dispelled. Their attempt to imnrove the
fit in the tails of the distribution, by adding a fourth
parameter to produce the Makeham curve, was also rejected
on the grounds of loss of both compactness and an
asymptotic approach to the level parameter value.

Work by Farid (1973) has shown that the Gompertz
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function can also be applied to the graduation of
fertility by marriage duration. Very recently, Little
(1978) has applied the model to period fertility by

age using maximum likelihood estimation of the parameter.

Empirical Models of Fertility

Other work has concentrated on the developm3nt
of fertility models based on empirical methods. Brass
(1968, 1975) has developed a third degree polynomial for
describing age specific fertility. The function is
better suited to graduation within age intervals, rather
than along the entire reproductive age span, and is used
for this purpose in the P/F technique of fertility level
estimation.

The Coale-Trussell model of fertility (Coale
and Trussell, 1974) represents age-specific fertility
rates as the product of two functions; one representing
marriage patterns by age and the other representing mari-
tal fertility. Both of these functions are based on
(historical) data so that the fits obtained might be
expected to be better than those to theoretical Tfunctions.
The model has the disadvantage of having four parameters,
however .

The analysis of maternity history data has
featured relatively recently, and methods for doing so

have been empirical. This 1is largely due to the paucity,
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until recently, of good quality data of this type.

Data collected in maternity history form are invaluable

in that they permit an analysis of trends over time
without the problems of differential biases and errors
arising from successive surveys. The sample sizes
required for such analysis are large because of the need
to minimise sampling errors, particularly where subgroups,
including age cohorts of women, are involved.

Brass (1971) has used maternity history data
for West New Guinea to point out the problems involved
in determining trends iIn fertility and to suggest methods
of overcoming these problems to some extent. First
births are used to correct the time distortions in all
births by adopting as an internal standard the distri-
bution of Ffirst births for the most recent time period.
The pattern of deviation of first births from this stan-
dard for each cohort is taken as equal to the pattern of
deviations of reported all births to corrected all
births. Even if this assumption is valid, the method
suffers from being restricted in its age range to that
for fTirst births.

Potter (1977) has adopted a completely different
approach to the analysis of maternity history data. He
has constructed a model of event misplacement based on
the propositions that the more recent an event the more
accurately it is reported, and that reports of events

subsequent to the first report are not independent because
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intervals between events are considered by the respon-
dent. Potter demonstrates that event misreporting of
the type specified in his model leads to an apparent
or overestimated decline in fertility, and presents
evidence of such spurious declines.

The model developed in later chapters of this
work differs from all of the above in that the natural
time scale is replaced by a transformation of time.

The original ideas for the development of such a model
are those of Brass (1974, 1977). The particular
transformation developed here is for use with data by
age of women for high fertility populations. It is
perfectly possible, however, to use the same methods to
develop transformations for marriage duration data and
for lower levels, and therefore different patterns, of
fertility.

The transformation of the age scale is empirical
rather than functional, and in fact represents a pattern
of fertility typical of high fertility populations.

The transformed Gompertz model, which is equivalent to
the Gompertz model with the natural age scale replaced by
the transformed, 1is thus a relational model in that
observed fertility is related to a typical or standard
pattern of fertility, rather than to age. For good
quality data, the use of an internal standard might be
envisaged; this possibility has been used for historical

data by Petrioli (1975).
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A full explanation of the transformed Gompertz
model is given in Chapter 2. Using the Gompertz
model as a basis, it is shown how the introduction of
an appropriate transformation of the age scale iImproves
the fit of the model. The change in the demographic
interpretation of the parameters brought about by the
transformation is also discussed. The actual empirical
development of the transformation of the age scale is
described in Chapter 3.

The development of a set of simulated data on
which to test the model 1is the subject of Chapter 4.
This involved the modification of an existing simulation
model of fertility, and the specification of the various
parameters of the model to produce a series of schedules
representing a fertility decline. This simulated set
of data and three sets of historical data were used to
test the transformed Gompertz model, as discussed in
Chapter 5.

The application of the model to data collected
in maternity histories is presented in Chapter 6, whilst
Chapter 7 contains the conclusions and some suggestions

for further work.



CHAPTER 2

THE DEVELOPMENT OF THE TRANSFORMED
GOMPERTZ MODEL

Introduction

Cumulative fertility has been represented by
the (ordinary) Gompertz function on several occasions.
It has been shown that the curve fits better in the
middle of the childbearing distribution than in the
tails. This chapter describes the Gompertz function and
the reasons for its lack of fit at young and old ages,
and shows how the function can be modified to produce
better fits. The resulting model is the transformed

Gompertz model of fertility.

The Gompertz Curve

The Gompertz function has been used to represent
fertility by age of women. The function has the form

,X-X0

FOO F A 2.1

where xQ is an arbitrary origin of the age scale, and
F(x) is the cumulative fertility distribution by age.
The parameters A and B lie between 0 and 1, while the

only restriction on F is that it should be positive.
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F is the asymptote to which F(xX) tends as x increases,
and therefore can be interpreted as the total fertility
rate or completed fertility. A and B describe the
shape of the fertility curve over age. A is the pro-
portion of total fertility that is attained by age xq,

shown by evaluating equation 2.1 at x « XxQ:

and is therefore related to the location of the curve

on the age scale. A change iIn the origin thus leads to
a change iIn the parameter A, whilst B remains the same.
If the origin is moved to xQ + h, the function can be

redefined

F(X) - F S - F sTX_X°T_h

e h
Comparison with equation 2.1 gives A » S and B m T.

Interpretation of B is not so straightforward.
For given A, however, it can be shown that B is related
to the variance of the distribution in that B increases
with the variance. A more rigorous explanation, which
depends on the properties of the mode of the Ffirst deri
vative of the Gompertz function (see Appendix 2.1), 1is

given iIn Appendix 2.2.
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The lack of fit of the Gompertz function

In describing cumulative fertility, the
Gompertz function implicitly assumes that the double
logarithm of fertility is linearly related to age. To
take natural logarithms twice of equation 2.1 requires
first that the expression be divided by F so that
F(x) ¥ F has an upper limit of 1, and secondly that
a negative sign be introduced between taking the two
logarithms to produce positive values for the second
operation. Finally, the negative of the double logarithm
is taken so that the coefficient, b, which is related to

the variance, 1is positive. Hence

YX) - -In(-InFEX)) - -In(-In A) + (-InB)(x-xQ)

- a ¢ b(x-xQ) 2.2

where a m -In(-InA) and b M -InB, - s < a < <& and
0 <b<0® .

This assumption of linearity is not true, as
is clearly seen in Figure 2.1 which shows transformed
(that is the double logarithm) cumulative fertility,
Y(x), against x for a pattern of fertility typical of
high fertility populations. (In fact, this is the
pattern of fertility developed in Chapter 3 as the
standard.) The pattern of deviation of Y(x) from

linearity gives some indication of how observed fertility
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deviates from the Gompertz model. It is seen that Y(X)
is almost linear at ages 20 to 35, corresponding to the
better fit of the model at these ages, but deviates from
linearity outside of this age range, most notably at
older ages, corresponding to the poorer fits in the tails.
Improvement in the fit of the Gompertz model to fertility
data must therefore be brought about by modifying the
function to bring about greater agreement in the tails,
whilst leaving the middle part of the curve relatively

unchanged.
The Transformed Gompertz Model

It is seen in Figure 2.1 that improvement in
the fit of the Gompertz model can be brought about simply
by stretching the age scale, especially in the tails,
such that Y(x) becomes a straight line. Thus, by re-
placing the natural age scale by a stretched or trans-
formed age scale, the linearity assumption of the new
transformed model can be better met. Algebraically,

the transformed model can be written
Y(X) - a & b" Z(x-xQ) 2.3
where fo—xo) is the transformed age scale which can be

developed such that equation 2.3 is true. For the

pattern of fertility shown in Figure 2.1, Z(x-x0) is



equal to the points labelled 15, 20 ... 45 years on the
right hand axis, with 10 years at and 50 years at +&>.
The distances between these points are the amounts by
which to stretch the age scale. At the same time, it

is seen that the points themselves are the values of the
transformed fertility pattern, Y(X). The transformed
age scale can thus be represented by the double logarithm
of cumulative fertility.

The application of the transformed Gompertz
model to data from a variety of high fertility popu-
lations requires the development of a typical or standard
transformation of the age scale. This is equivalent to
the development of a standard pattern of fertility, Fg(X).
The double logarithm transformation of this standard,

Ys(X), then replaces Z(x-xQ) in equation 2.3 giving
Y(X) - o6 BYs®X® 2.4

Transformed fertility is now assumed to be linearly
related to transformed standard fertility, which is itself
equivalent to the transformed age scale. In other words,
it is assumed that the deviations of observed fertility
from the Gompertz function are similar to those of the
standard.

The model can also be written
FG) - F Qs 28

where F is the level parameter as before (F > 0), and
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P and Q are new parameters describing the pattern of
fertility where 0 < P, Q < 1. The parameters, a and B,
are related to P and Q such that a = -In(-InP) and

6 * -InQ, with ©©«<a < < and 0 < B < =

Demographic interpretation of the parameters of the

transformed Gompertz model

Of the three parameters of the transformed
Gompertz model, only the level parameter, F, retains
the same interpretation as in the (ordinary) Gompertz
model, namely that of total or completed fertility. The
remaining two parameters describe the pattern of fertility,
as in the Gompertz, but their exact interpretation is
changed. Rather than relate to the natural age scale,
the new parameters describe fertility in relation to the
transformed age scale, that is to the pattern of standard
fertility.

From equation 2.5 it is seen that at YgX) - O
FoO - FP - FP

P is therefore the proportion of fertility achieved by
the age at which Ys(X) - 0. This age can be regarded as
the origin of the standard and will be denoted xQS. At
this origin Fs(xos) - e"1l, so that comparison of P with

e-1 indicates the relative proportions of observed and
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standard fertility achieved by age xQS. When P =e_1,
the same proportion, e \ of fertility is achieved by
XQS in both fertility schedules. Moreover, P = e"1
indicates, by definition, that the origin of observed
fertility, xQ, occurs at the same age as in the standard,
that is X “ Xos - This equivalence also implies that

a m 0.

Inequalities between P and e *, or between a
and 0, indicate unequal proportions of observed and
standard fertility achieved by age xQS. Values of P
of less than e-*, that is a < 0, indicate that a smaller
proportion of observed fertility is achieved by xQS than
in the standard. The exact proportion is, of course, P.
It follows that the origin of observed fertility, the
age by which e_1 of fertility is attained, is later than
Xos - Observed fertility is thus generally later than
standard fertility.

In the converse situation where P > e_1, and
a > 0, observed fertility is generally earlier than
standard such that by age xQS a greater proportion of
observed fertility is achieved. The origin of observed
fertility is correspondingly earlier than xQS.

This interpretation of the parameter P (or a)
of the transformed Gompertz model is illustrated in a
series of diagrams contained in Figures 2.2 to 2.5 (where
the Y-axes intersect at Y(XQS) - Ys(xo0s))- Diagrams 1,

4 and 7 illustrate the case where a - 0; diagrams 2, 5
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Figure 2.3: Relationships between observed and standard transformed
fertility implied by g and B values: Y(x) and Yq(X)
against x.
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Figure 2.4: Relationships between observed and standard cumulative
fertility implied by a and 3 values.
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Figure 2.5: Relationships between observed and standard
age specific fertility implied by a and @"values.
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and 8 show a <0; and diagrams 3, 6 and 9 show a > O.
It is seen that a is related to the location of observed
fertility in relation to the standard, as measured at
the origin of the standard.

A change in the standard origin has no effect
on the above interpretation of the location parameter.
Rather the standard pattern of cumulative fertility is
changed, because Fg(x) m e-1 at a different age, so that
the model 1is respecified with a new standard and new
location parameter. The implications of a change in
the origin of the standard are discussed in Appendix 2.3.

The parameter Q is related to the relative
variances of the observed and standard age specific
fertility distributions. This is shown algebraically in
Appendix 2.4 and can be seen graphically from Figures 2.2
to 2.5. It is clear from equation 2.4 that B (m -1InQ)
describes the steepness of Y(xX), and is therefore
related to the speed at which fertility occurs.

B*1 (Q * e-1) indicates that the pattern of transformed
observed fertility is the same as that for the standard,
as seen in diagrams 1, 2 and 3 of Figure 2.3. This
does not imply that cumulative fertility has the same
pattern as the standard: only if a <0 and B * 1 is it
true that F(X) - Fs(X). Accordingly, only if a « 0
does B - 1 indicate equality of the variances of observed
and standard age specific fertility.

Values of B > 1 (Q < e"1) imply a steeper Y(X)
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than for the standard as seen in diagrams 4, 5 and 6 of
Figures 2.2 and 2.3. In this situation, Y (X) approaches
its asymptotes of -« at age 10 and +® at age 50 more
slowly than the standard (as seen in Figure 2.3). If

8 =1 + c, where c is positive, then equation 2.4 becomes

Y *a+ (1+c) Yc X

a+Yg®X ¢ cYg® 2.6

The first two terms account for the portion of Y(X)
occurring when 8*1; the last term measures the amount
of Y(X) due to the excess of 8 over 1. For Yg(&) > O
this term is positive, and for Yg(X) < O it is negative,
so that Y(x) approaches its asymptotes more slowly than
when 6 *1 for given a. On conversion to cumulative
fertility the situation changes to one where F(X)
approaches its asymptotes more quickly than when 8*1 .

From equation 2.6

60 . _e—o—Y_(x)—ch(x)
xX) - e

,-Yg)  -cYs()
P

b e“Y8(X) e-cY¥Ys(X¥

The expression inside the square brackets corresponds

to 8 - 1. The effect of 6 being greater than 1 is to



raise this expression, which has a value between 0 and 1,
to a positive power, e sV J. For ¢ > 0, this means
that for Yg(X) < 0, F(X) is less than is the case when
6=1, and for Ys(X) > 0, F(x) is greater than when 6*1.
In other words, F(xX) approaches its asymptotes of zero
and F more quickly than when 6 *1 for given a. This
is seen 1in diagrams 4, 5 and 6 of Figure 2.4. On trans-
lation to age specific fertility rates it becomes apparent
that 6 > 1 implies a smaller variance for given a. This
is seen in diagrams 4, 5 and 6 of Figure 2.5.

When 6 <1 (Q > e_1), Y(X) is less steep than
Ys(X) and approaches its asymptotes more quickly because
c is negative in equation 2.6. Correspondingly, F(X)
approaches its asymptotes more slowly than when 6=1,
again because of the negative value of c In equation 2.7.
The variance of age specific fertility is therefore
larger for given a than when 6=1« These relationships

are shown in diagrams 7, 8 and 9 of Figures 2.2 to 2.5.
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CHAPTER 3

STANDARD FERTILITY

Introduction

The development of a standard pattern of
fertility for use in the transformed Gompertz model is
the subject of this chapter. The standard is based on
the Coale-Trussell model of fertility, itself based on
empirical data. A description of this model is given
below together with a detailed account of its use in

the development of the standard.

The Coale-Trussell Model Fertility Schedules

The set of model fertility schedules developed
by Coale and Trussell (1974) is an attempt to create a
family of schedules encompassing the full range of human
experience. The model 1is based on two functions: model
proportions ever married by age and model marital ferti-
lity. The product of these two functions is assumed to

describe the age pattern of fertility.

Proportions ever-married by age

Coale (1971) showed that first marriage frequencie
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(of cohorts) conform to a common underlying pattern,
and that differences between populations (cohorts) can
be attributed to differing ages at which first marriage
begins coupled with the length of time taken for most
marriages to occur. There is also a level factor,
describing differences between populations in the final
proportion ever married. This common underlying pattern
or standard was based on first marriage frequencies
recorded in Sweden in 1865-69. Thus if the standard
proportion ever married z years after first marriage
begins is Gs(z), the first marriage cumulative distri-

bution of a cohort can be described as

where C is the ultimate proportion ever-married iIn the
cohort,
a_ is the age at which first marriage begins,
and k @s the number of years equivalent to one year
in the standard.
Thus if k - 0.5, marriage occurs twice as fast as in
the standard population.

The standard proportions ever married were
tabulated at intervals of one tenth of a year (Coale,
1971). An analytical expression for first marriage
frequencies was later developed by McNeil (Coale and

McNeil, 1972):
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g0) N4 N (x-a0-6.06k)
- exp [- 2-%881 (x-aQ-6.06K) T}

G(xX) can be calculated numerically by integration:

G(xX) - /X g(@) dz

with appropriate estimates of aQ and k. This function
describes the pattern of nuptiality of a cohort , and
should be multiplied by the appropriate value of C to
obtain the correct level of proportions ever married.

In their model fertility schedules, Coale and Trussell
assume C » 1.0, since only the pattern of fertility is

of iInterest.

Marital fertility

The marital fertility function used in the
Coale-Trussell fertility model 1is a composite of
natural fertility, as defined by Henry (1961) , and a
typical pattern of departure from natural fertility.

Henry defined natural fertility as that which
occurs in the absence of voluntary cohtrol of births.
He defined voluntary control as behaviour which affects
fertility in a way which is related to parity. Speci-

fically, control of birth increases as parity increases.
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The ratio of>a marital fertility schedule,

r(x), to natural fertility, n(x) is
r 3.1
n

The scale factor, M, serves to equate r(x) to n(x) for
some chosen value of x. This factor is not iImportant
in the model since only the pattern of fertility is of
interest. The function v(x) represents a pattern of
birth control expressing the extent to which older women
in contracepting populations reduce their fertility.
The parameter, m, expresses the degree of control: if
m * 0 there is no control and r(xX) and n(x) have the
same shape; as m increases r(x) departs from n(x).

The actual values of n(x) and v(x) for
20 s x < 50 were derived empirically, n(x) from ten of
Henry’s natural fertility populations and v(x) from
43 marital fertility schedules for 1965, using equation
3.1. The values appear in Table 3.1 by 5 year age
groups, though single year values (which can be consulted
in the computer program as FNAT and DEP in Appendix 3.2)

were used to produce the model fertility schedules.

Model fertility

Given the functions of proportions ever married,

G(x), and marital fertility, r(x) , as described above, the



Table 3.1: Natural fertility and voluntary control

schedules by age

Age Natural fTertility Voluntary control
X n e v(x)

15-19 -4112 0.000

20-24 -4597 0.000

25-29 -4309 -0.279

30-34 -3946 -0.677

35-39 .3223 -1.042

40-44 -1671 -1.414

45-49 .0237 -1.671



age pattern of fertility of all women can be written as

fO) " G - rx

= 6 . nCx) &M VO

The model assumes that there is no extra-marital ferti-
lity, coupled with no marital dissolution before the
end of the childbearing ages. Coale and Trussell
suggest that, where these conditions are not met, an
adequate fit to age-specific fertility may be obtained
by the use of nuptiality and marital fertility parameters
that deviate slightly from the actual population values.
(The estimation of aQ, k and m from observed data appears
in Appendix 3.1.) Thus, illegitimate births and pre-
marital conceptions at early ages can be taken into
account by choosing a slightly smaller aQ and a slightly
larger k than the observed population values. At older
ages, 1illegitimacy can be regarded as a slight increase
in marital fertility and can be allowed for by decreasing
m slightly. Conversely, marital dissolution can be
regarded as reduced marital fertility, attainable by
increasing m. The underlying assumption here is that
illegitimacy and marital dissolution follow the same sort
of age pattern as voluntary birth control.

The set of model fertility schedules produced
by Coale and Trussell fall within a region bounded by

the limits imposed on the three parameters aQ, k and m.
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Age at which first marriage begins is limited to 12.5
to 18 years. The pace of marriage ranges from k = 0.2
(that is 5 times as fast as the Swedish standard) to

k = 1.8 (0.56 times as fast). The value of m ranges
from 0 (natural fertility) to 3.9 where 1.0 is the
average for the 43 schedules involved in determining
v(x) - Within these bounds, schedules with a mean age
of from 24 to 34 years (integral values only) and with
a standard deviation from 4.0 to 7.5 years (at half-
yearly intervals) were selected for tabulation (Coale
and Trussell, 1974). Not all possible mean and standard
deviation combinations are attainable within the bounds
of the aQ, k and m parameters, and a total of 795

schedules were tabulated.

The Development of the Standard Fertility Schedule

The idea of incorporating a fertility pattern,
typical of high fertility populations, into the age
scale of the Gompertz model has already been discussed
in Chapter 2. The development of such a standard

pattern of fertility is the subject of this section.

Determination of area of interest

The standard is based on the Coale-Trussell

model of fertility described above. The published set
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of schedules proved to be too narrow in their range of
parameters. In particular, early marrying, high
fertility populations are not properly represented,
primarily because the lower limit of 12.5 years on
the age at which first marriage begins is not low enough.
It was therefore necessary to generate these extra fer-
tility schedules. The computer program published by
Coale and Trussell (1974) was modified to allow for
smaller values of aQ. This and other modifications are
described in Appendix 3.2, where the final modified
program is reproduced. Because of the way in which the
Coale-Trussell set of schedules is presented (by incre-
ments in the mean and standard deviation, rather than
by equally spaced increments iIn the generating parameters
aQ, k and m), it was found necessary and convenient to
generate all the schedules of interest.

High fertility populations are characterised by
mean ages of fertility, u, of about 27 to 29 years, with
standard deviations, o, of more than 6. Accordingly,

the area of interest was at first defined as

27.0 sy £ 29.0
6.25 £4d s 6.75

with positive skewness. Schedules were generated from

the following parameter values
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10.0 s aQ s15.0 in steps of 0.5
1l1s k sl1.8 in steps ofO0.1

0Os m sl.6 in steps of0.2

The lower limit of 10 years on aQ was a convenient cut-off
point and allowed for maximum fFflexibility in the level of
early fertility. The upper limit of 15 years was based
on the patterns of fertility attainable for different
values of a, - Patterns for schedules based on ay > 15.0
were more like those of developed countries (schedules
from the United Nations Demographic Yearbook 1969) than
of high fertility populations. The limit of 1.8 on k
was based on the findings of Lesthaeghe (1971) . The
limits on m were automatically determined by the other
limits.

Not all of the possible combinations were
generated since they would clearly lead to y or a
values outside the stated ranges (the Coale-Trussell pub-
lished schedules were used as a guide). Some combi-
nations were rejected on calculation of their y and a
values. Others were rejected on closer scrutinisation
of the parameter values for unlikely combinations. For
example, within the required range of o, values of y of
greater than 28.0 years cannot be obtained for aQ - 10.0
unless both k and m are greater than one, an unlikely
situation of early but slow marriage coupled with a

reasonable degree of fertility control. In fact, it
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was Tfound that values of 4 from 6.25 to 6.75 (for

27.0 £ p £ 29.0) could only be attained for high values
of m: for aQ = 10.0, m is generally greater than 1.0,
and even for aQ = 15.0 m is greater than 0.4. In
order to be able to attain smaller values of m within
the same range of p, it was necessary to allow higher

values of a. The area of interest was thus redefined as

27.0 £ p £ 29.0
6.75 £ 0 s
for 10.0 £ ao £ 15.0 in steps of 0.5.

The parameters, k and m, were automatically determined as

0.1 £k £ 1.3
0OE£mE£1.0

and in practice, the upper limit on o was 8.0. Figures
3.1, 3.2 and 3.3 show the combinations of k and m, for
given values of aQ, that result in the required p and o
values. It can be seen from these graphs that the higher
values of k and m occur for low values of aQ only. Such
combinations are unlikely and led to further restrictions
on the value of m such that only O £ m £ 0.6 were included.
Imposing an upper limit of 21.0 on the singulate mean age

at marriage, SMAM (Hajnal, 1953) where

SMAM - aQ <« 11.37 Kk,
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Figure 3.2: Values of k and m resulting in u =(27,29),
0>6.75 for a0=12.5
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afforded a means of restricting k for given values of aQ,
shown in Table 3.2. In fact, this restriction replaced
the upper limit on y except for high values of aQ (14.0,
14.5 and 15.0 years).

The final definition of the set of schedules
to represent early marrying, high fertility populations

was thus

27.0 £ y £ 29.0

6.75 £ o £ 8.0

10.0 s 3 £ 15.0
0O £m £ 0.6

SMAM £ 21.0

The standard pattern of fertility is based on 33 schedules

chosen to be representative of this set. These schedules
are listed by value of aQ, k and m in Table 3.3; their

means, standard deviations and SMAM are also shown.

Calculation of standard fertility

The standard pattern of fertility is required
in the transformed form Y(X) - -In (-In F(X)/F) discussed
in Chapter 2, where F(x) 1is cumulative fertility to age
x and F is completed fertility. The set of schedules
generated from the Coale-Trussell model are age patterns
of fertility only, that is F m 1. Values of Y(X) were
calculated for each of the 33 schedules, and differences

were obtained:



Table 5.2: Upper limits on k for values of aQ

Limit on k imposed by

ao SMAM

Maximum k

10.
10.
11.
11.
12.
12.
13.
13.
*14.
*14.

o U0 o o o o o o o ua o
O O O O O o o o o o o
g o0 o o N N N 00 o o ©

*15.

ages at which the upper

SMAM

20.
20.
20.
20.
19.
20.
20.
20.
20.
20.
20.

23
73
10
60
96
46
96
32
82
19
69

U

limit on y takes

O O O O O O O O P Rk
A M OO0 O N N 0O ©O B N W

maximum Kk

effect
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Table 3.3; Generating parameters (ap, k and m) and derived
statistics (U, g and SMAM) of schedules used to
calculate standard fertility

Generating parameters Derived statistics
No. .o k m \Y; a SMAM
1 10.0 0.7 0.2 28.65 7.54 17.96
2 10.0 0.7 0.6 27.41 7.21 17.96
3 10.0 0.9 0.4 28.79 7.25 20.23
4 10.5 0.6 0.2 28.45 7.56 17.32
5 10.5 0.6 0.6 27.20 7.22 17.32
6 10.5 0.8 0.4 28.63 7.24 19.60
7 11.0 0.5 0.2 28.22 7.59 16.68
8 11.0 0.6 0.6 27.42 7.14 17.82
9 11.0 0.8 0.4 28.85 7.16 20.10
10 11.5 0.4 0.4 27.34 7.46 16.05
11 11.5 0.5 0.6 27.19 7.16 17.18
12 11.5 0.6 0.2 28.87 7.39 18.32
13 12.0 0.4 0.2 28.18 7.56 16.55
14 12.0 0.5 0.6 27.41 7.08 17.68
15 12.0 0.7 0.4 28.91 7.07 19.96
16 12.5 0.3 0.2 27.93 7.62 15.91
17 12.5 0.4 0.6 27.17 7.10 17.05
18 12.5 0.5 0.2 28.86 7.33 18.18
19 13.0 0.2 0.4 27.03 7.51 15.27
20 13.0 0.4 0.2 28.61 7.37 17.55
21 13.0 0.5 0.6 27.90 6.91 18.69
22 13.5 0.2 0.2 27.87 7.61 15.77
23 13.5 0.3 0.6 27.13 7.06 16.91
24 13.5 0.4 0.2 27.84 7.27 18.05
25 14.0 0.2 0.2 28.07 7.51 16.27
26 14.0 0.3 0.6 27.37 6.97 17.41
27 14.0 0.5 0.4 28.99 6.89 19.69
28 14.5 0.1 0.2 27.80 7.62 15.64
29 14.5 0.2 0.6 27.08 7.03 16.77
30 14.5 0.3 0.2 28.81 7.23 17.91
31 15.0 0.1 0.4 27.37 7.33 16.14
32 15.0 0.2 0.2 28.52 7.31 17.27
33 15.0 0.3 0.6 27.88 6.78 18.41
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AY(X to x+4) - Yy (X+5) - Y(X)

The age specific Tfertility rates, cumulative fertility,
Y(X) and AY(x) values for the 33 schedules are shown in
Tables 3.4 to 3.7.

Averaging was done over all 33 schedules for
the three AY values covering ages 25 to 39. These
three averages were taken as the standard values,
AYg (25-29), AYg(30-34) and AYs(35-39), where the subscript
s denotes standard. For the ages outside of this cen-
tral range, weight was given to those schedules with
high fertility at young or old ages, so that the standard
pattern of fertility is more representative of distribu-
tions with a relatively large proportion of fertility in
the tails. The transformed Gompertz model is thus
designed to fit better in the tails to distributions where
the contribution of fertility at young or old ages is
substantial than to distributions with an insignificant
proportion of fertility in the tails.

About half of the 33 schedules were averaged
to obtain the AYg values at younger and older ages. For
young ages, age specific fertility for the first two age
groups were added together, and the seventeen schedules
with £(10-19) > 0.15 were selected for inclusion. These
17 schedules are marked * in Tables 3.4 to 3.7. For
the later childbearing ages, the 16 schedules with
£(35-49) > 0.21 (marked * in the Tables 3.4 to 3.7) were

used to obtain AY values for ages 39-44. The final three



Table 3.4: Age specific fertility rates by S year age groups for the 33 schedules used
to calculate standard fertility.
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Table 3.5: Cumulative fertility by 5 year age groups for the 33 schedules used to

calculate standard fertility.
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Table 3.6: Y values by 5 year age groups for the 33 schedules used to
calculate standard fertility.
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Table 3.7: Values of &Y by 5 year age groups for the 33 schedules used to
calculate standard fertility.
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61.

age groups were included to allow weighting to be based
on at least 10 per cent of fertility: the last two age
groups contain only 5-8 per cent of fertility. These
values of average AY values appear in Table 3.8. Since
Y(10) wm>-<*> and Y(50) = <, ay values for the first and
last age groups are also infinite. Because the average
AY values for early and late ages are based on only half
of the schedules, adjustment factors are needed to bring

them to the same level as values for the middle child-

bearing ages. These factors were calculated as

, -average AY(25-39) for all 33 schedules

K1 average AY (25-159) for the 17 high early fertility
schedules

, _average AY(25-39) for all 33 schedules

k2 "average AY(Z5-39j for the 16 high late fertility
schedules

where AY(25-39) = AY(25-29) + AY(30-34) + AY(35-39)

. 0.67436 + 0.77872  1.14730
Thus ki ™ 0.67976 + 078638 V'T 7559
2.60038
2Y627S5 0.99135

is used to adjust the average AY (15-19) and AY(20-24)

values to give AY,,(15-19) and AYs(20-24). Similarly
0.67436 + 0.77872 1.14730 _ 2.60038 1.02287
k2 “ 0.65492 + 0.76042 o 1.126879 2.54223 )

is used to adjust average AY(40-44) to give AYs(40-44).

The adjusted averages, AYg, are shown in Table 3.8.
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age groups were included to allow weighting to be based
on at least 10 per cent of fertility: the last two age
groups contain only 5-8 per cent of fertility. These
values of average AY values appear in Table 3.8. Since
Y(10) = - * an(j Y(B0) * «, AY values for the first and
last age groups are also infinite. Because the average
AY values for early and late ages are based on only half
of the schedules, adjustment factors are needed to bring
them to the same level as values for the middle child-

bearing ages. These fTactors were calculated as

k *average AY(25-39) for all 33schedules
K1 -~average AY(25-39) for the 17high early fertility
schedules

k »average AY(25-39j for all 33schedules
k2 'average AY(25-39) for the 16high late fertility
schedules

where AY(25-39) - AY(25-29)  AY(30-34) ¢ AY(3S-39).

- 0.67436 + 0.77872 + 1.14730
Thus Ki 767976 VO . 78638 + 1.15692

2.60038

~0T3CT6 0.99135

is used to adjust the average AY(15-19)and AY(20-24)

values to give AYg(15-19) and AYg(20-24). Similarly
_ 0.67436 ¢ 0.77872 ¢ 1.14730 2.60038 1.02287
k2 T 0763792 ¢°0.76042 T r.ATZM 2.54713 -

is used to adjust average AY(40-44) to give AYg(40-44).

The adjusted averages, AYg, are shown in Table 3.8.
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Table 3.8: Average and standard values of AY and

standard Y values by 5 year age groups

Age Average Standard Exact Standard
AY < . age Ys ()
@ @ G- X2 '
10 - o0
10—14 oo “ 00
15 -1.77306
15-19 1.09120 0.99135 1.08176
20 -0.69130
20-24 0.72320 0.99135 0.71694
25 0.02564
25-29 0.67436 1.0 0.67436
30 0.70000
30-34 0.77872 1.0 0.77872
35 1.47872
35-39 1.14730 1.0 1.14730
40 2.62602
40-44 2.13486 1.02287 2.18368
45 4.80970

45-49 % - 0



The translation of the AYS values into Yg&)
values requires the determination of a fixed point.
Ys(30) =0.7 was chosen as this point as a rough average
of the Y (@0) values for all 33 schedules. The Yg®X)
schedule was thus calculated from this point in the

following way:

Y SC15) Ys(30) - Avg(25-29) - AYQg(20-24) - AYg(15-19)

Y s (20) Ys(@0) - AYvg(25-29) - AYg(20-24)

Y SC25) Ys(@@0) - AYg(25-29)

Y s (30) Y's C30)

Ys(3S) Ys (@30) + AYg(30-34)

Y s (40) Ys(30) ¢ AYg(30-34) ¢ AYQg(35-39)

Ys (45) YSC30) ¢ AYQg(30-34) + AYQ(35-39) + AYg(40-44)
The resulting Yg() values are given in Table 3.8. The
rather arbitrary choice of 0.7 as Yg (30) determines the
origin of the standard, xos* defined as the age at which
Y x ) -0. The effect of choosing some other value
for Yg(30) would be equivalent to a change in the origin,

the implications of which are discussed fully in Chapter

2 and Appendix 2.4.
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The single year standard

The development of standard fertility as des-
cribed above resulted in a schedule by five year age
groups, the values of which are applicable to the end-
points of the age groups, that is exact ages 15, 20, 25,
---, 50. Use of this standard set of values in the
transformed Gompertz model is therefore restricted to
data cumulated to exact ages 15, 20, etc. In order to
make the model more general, and in particular to allow
for the use of birth history data, standard values at
intervals other than these endpoints are needed.

One way of obtaining intermediate values of
standard fertility is to fit a mathematical function to
the schedule: fertility at any age can then be calculated
simply by putting that age into the function equation.
This method, however, would be likely to give a better
fit to the middle of the distribution than to the tails
where the focus of interest in fitting exists. In
addition, a mathematical function would not fit exactly
to all endpoints (as calculated above) and adjustments
would be necessary to maintain a parallel.

A more TfTavourable method of obtaining inter-
mediate values of standard fertility is to use the 33
schedules on which the standard is based. This was
the method employed. Single year fertility and AY

values were calculated. Averaging of the AY values was



as before: all 33 schedules were averaged for ages 25
to 39; the 17 schedules with high early fertility were
averaged for ages 10 to 24; and the 16 schedules with
high late fertility for ages 40 to 49. Where AY values
do not exist, that is where fertility is zero for con-
secutive ages, averaging was done over those schedules
for which AY values exist. This led to discrepancies,
however, in the sums of the 5 single-year values and the
five-year values already calculated, so that slight
adjustments had to be made to the single-year values

to make them consistent with the five-year values.
Rounding errors were similarly dealt with. Single year
values of age specific and cumulative fertility and of
Y and AY appear in Tables 3.9 to 3.12. The adjusted
average AY values are shown in Table 3.13. The same
adjustment factors, kj and k£, were used to bring the
early and late fertility AY averages into line with
those for the middle years. The resulting AYg values
are shown in Table 3.13 along with single year YgQ®)

values.

The midpoint standard

To obtain the standard values required in the
application of the model to birth history data, average
values of cumulative fertility for each five year age

group were calculated by



Table

3.9: Age specific fertility by single years for the 33 schedules used to calculate standard fertility.
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Table 3.10: Cumulative fertility by single years
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The ages shown here correspond to those in Table 3.9. Strictly cumulation is to exact ages one year greater
than shown.

* Schedules used to obtain standard fertility at ages 10-24.
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Table 3.11: Y values by single years* for the 33 schedules used to calculate standard fertility
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Schedules used to obtain standard fertility at ages 10-24
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Table 3.12: Values of AY by single years for the 33 schedules used to calculate standard fertility.
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Table 3.13: Average and standard values of AY and
standard Y values by single years of age

Adj usted Standard Exact age
Age average AY *y Ys®) x 9
S
10-11 ® 00 -3.18852 li
11-12 .49270 .48844 -2.70008 12
12-13 .32998 .32713 -2.37295 13
13-14 .30295 .30033 -2.07262 14
14-15 .30217 .29956 -1.77306 15
15-16 .28611 .28020 -1.49286 16
16-17 .24783 .24225 -1.25061 17
17-18 .21108 .20582 -1.04479 18
18-19 .19061 .18552 -0.85927 19
19-20 .17290 .16797 -0.69130 20
20-21 .15944 .15805 -0.53325 21
21-22 .14931 .14801 -0.38524 22
22-23 .14224 .14101 -0.24423 23
23-24 .13759 .13640 -0.10783 24
24-25 .13463 .13347 0.02564 25
25-26 .13289 .13289 0.15853 26
26-27 .13294 .13294 0.29147 27
27-28 .13368 .13368 0.42515 28
28-29 .13586 .13586 0.56101 29
29-30 .13899 .13899 0.70000 30
30-31 .14272 .14272 0.84272 31
31-32 .14742 .14742 0.99014 32
32-33 .15393 .15393 1.14407 33
33-34 .16220 .16220 1.30627 34
34-35 .17245 .17245 1.47872 35
35-36 .18554 .18554 1.66426 36
36-37 .20171 .20171 1.86597 37
37-38 .22297 .22297 2.08894 38
38-39 .25099 .25099 2.33992 39
39-40 .28610 .28610 2.62602 40
40-41 . 32162 . 32898 2.95500 41
41-42 .36537 .37373 3.32873 42
42-43 .42148 .43111 3.75984 43
43-44 .48408 .49515 4.25499 44
44-45 .54232 .55471 4.80970 45
45-46 . 58992 .60341 5.41311 46
46-47 .69953 .71553 6.12864 47
47-48 .92053 .94158 7.07022 48
48-49 1. 54288 1.57817 8.64839 49
49-50 00 e’ 00 50
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Fs(x to x+t4) = Fs(X) + *(4.5 fg() + 3.5 fs(x+D + 2.5 fgx+2)

+ 1.5 fg(x+3) + 0.5 fs(x+4) )

where Fg(x to x+4) is average cumulative fertility (or
average parity) for women aged x to x+4, Fs(X) 1is cumu-
lative fertility at exact age x where x = 15, 20, ... etc.,
and fs(X) is age specific fertility for the single year

of age, x.

These average parities are obviously not equal
to actual standard parity at ages 12.5, 17.5 , etc.
because of the curvature of the fertility function, espe-
cially at very young and very old ages. They do not
therefore refer to the exact midpoints of the age groups,
but rather to the ages at which average and actual
parities are equal. Estimation of these ages involves
the interpolation of actual fertility between the singleI
year values. For purposes of developing and using the
transformed standard, however, knowledge of the exact
ages 1Is not necessary. Average parity is transformed
to the appropriate Yg value in the usual way, and it is

these values of Ys that constitute the "midpoint' stan-

dard, given in Table 3.14.
Standard fertility
Though in practice standard fertility is only

of interest in its transformed form, Yg(x), it is per-

tinent to consider its more understandable forms, fg(&)



Table 3.14 Five-year average standard parities and

midpoint Yg values

Age group Average Midpoint

parity Yg value

10-14 -00035 -2.07330
15-19 -05279 -1.07889
20-24 -25513 -0.31188
25-29 -49559 0.35380
30-34 .70644 1.05695
35-39 .86781 1.95343
40-44 -96760 3.41302

45-49 -99766 6.05569
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and Fs(X). These schedules appear by single years and
by five year age groups in Table 3.15. Only the
pattern of fertility is available, giving no indication
of a standard level of fertility.

Calculation of the mean and standard deviation
of fs(X) obviously depends on the rather rough value of
0.7 for Ys(30). Their values, ug = 28.29 years and
og = 7.25, are of interest, however, for comparative
purposes. The Coale-Trussell model parameters for the
five-year standard values, estimated by the method des-
cribed in Appendix 3.1 Section C where the standard
appears as an example, are aQ = 12.54, k = 0.46 and
m = 0.32. The value of SMAM is 17.73. Again, these

values are dependent on the value chosen for Yg(30).

The Gompertz fit to standard fertility

The transformed Gompertz model, described in
Chapter 2, relates observed fertility to standard
fertility. The iterative procedure used to estimate the
parameters of the transformed Gompertz model (Chapter 5)
requires initial estimates of these parameters. Clearly,
the better the initial estimates, the more efficient the
estimation procedure. These estimates are obtained
from estimates of the ordinary Gompertz parameters, and
it is therefore desirable to fit the ordinary Gompertz

to standard fertility as well as possible. This 1is done
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Table 3.15: Age specific and cumulative standard
fertility schedules

Age specific fertility Cumulative fertility
Age Single year 5 year group Single year 5 year endpoint

10-11 .00000 .00000
11-12 00000 .00000
12-13 .00002 .00002
13-14 -00033 -00035
14-15 -00242 .00277 .00277 .00277
15-16 -00891 .01168
16-17 .01875 .03043
17-18 .02783 -05826
18-19 -03602 -09428
19-20 -04156 .13307 -13584 .13584
20-21 -04603 -18187
21-22 .04806 -22993
22-23 .04904 .27897
23-24 -04932 -32829
24-25 -04902 .24147 .37731 .37731
25-26 -04866 .42597
26-27 .04774 .47371
27-28 .04642 .52013
28-29 .04504 -56517
29-30 .04344 .23130 .60861 .60861
30-31 .04155 .65016
31-32 .03952 .68968
32-33 .03754 72722
33-34 -03553 . 76275
34-35 .03343 .18757 .79618 .79618
35-36 .03133 .82751
36-37 .02912 -85663
37-38 -02691 -88354
38-39 .02462 -90816
39-40 -02203 .13401 -93019 -93019
40-41 -01906 -94925
41-42 .01555 -96480
42-43 .01218 -97698
43-44 -00893 -98591
44-45 -00597 .06169 -99188 -99188
45-46 -00367 -99555
46-47 -00227 -99782
47-48 -00133 -99915
48-49 -00067 99982

49-50 00018 .00812 1.00000 1.00000
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in Appendix 3.3, where the value of xQ, the origin of
the age scale, that permits the best fit is also deter-

mined. The resulting fit is given by

) x-16.732
ves  fsc 1.05374  0.048089-8748

Though this is the best fit in the least squares sense,
it is seen in Appendix Table A3.3.1 that the Gompertz
function is not a particularly good approximation to
standard fertility. This serves to illustrate the fact
that there is scope for improvement. By using the
standard pattern of fertility to modify the Gompertz

function this improvement can be partially realised.



CHAPTER 4

THE SIMULATION OF TEST DATA

Introduction

A common problem involved in the formulation
of demographic models 1is the absence of good data to
provide a measure of the model®s validity. Such a
problem arose in the development of this model, and it
was therefore decided to provide data by simulation.

A series of age-specific fertility rates typical of
high fertility populations undergoing fertility decline
was simulated using the Barrett simulation model, modi-

fied to meet requirements.

The Barrett Simulation Model

Descriptions of earlier forms of this Monte
Carlo simulation model have been reported by Barrett
(1967, 1969). The version used to produce fertility

schedules for the present purpose was based on the form

85.

of the model described by Barrett (1971) and incorporating

some of the more recent modifications reported in Barrett

and Brass (1974) . A description of this version of the
model 1is included here, so that additional modifications

can be described adequately. A compact description of
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can be described adequately. A compact description of



the model can also be found in the appendices to Barrett

(1977) and Barrett (1978).

Marriage

The model simulates the individual birth his-
tories of a cohort of women, from marriage to the end
of childbearing. The rates produced are therefore age
specific marital fertility rates. Age at marriage is
an input parameter, but is fixed in that all women in a
cohort are assumed to marry at exactly the same age.
The model does not allow for ages at marriage of less
than 20 years, nor does it allow for marital dissolution
before the end of childbearing. Problems of differing
marriage duration, teenage pregnancies, illegitimacy,
divorce, widowhood, separation and remarriage are

therefore avoided.

Susceptible state

After marriage, events may occur at intervals
of one lunar month (i.e. 28 days, hereafter referred to
as a month) and are determined by monthly probabilities
of occurrence. The TFfirst event that may take place is
conception, since all women are assumed to be susceptible
to conception from marriage. Each woman has a basic

monthly probability of conception, p*, also termed her



fecundability, which is determined randomly from a beta

distribution of fecundability among women:

a-1 ... .b-1 ,
oo - ——eairt- 2 o<ox<l1l -1

where f3(@,b) =/ xa * (1-x)*3 1 dx
0

Each woman®"s fecundability is determined by the gener-
ation of a series of a + b - 1 random numbers between
0 and 1, the a-th in magnitude of which is taken as p*.

The mean fecundability is aZa+b with variance

ab
(at+b)2 (at+b+1)

The parameters of this distribution are a * 3
and b - 13, chosen to produce a similar completed
family size distribution to women who had married at
ages 20-24 and who were enumerated in the 1911 Census
of Ireland (on which the model is largely based), given
the way in which fecundability is allowed to tail off at
older ages.

The basic monthly probability of conception
applies to noncontracepting women from marriage to age
30. (For the effects of contraception on fecundability,
see later.) Thereafter there is a monotonic and almost
linear decline in fecundability from p* at age 30, to O
at a predetermined age at end of childbearing period

(see below) . The pertinent value of p is redetermined
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at the beginning of each period of susceptibility to
conception, or at intervals of 2 years if conception
does not occur within that length of time.

Given the probability of conception of a woman
(whether she be contracepting or not) time to conception

follows a geometric distribution

P (time to conception = n) = p(l-p)n n *0, 1, 2 ... months

= 0 otherwise
i . 2
with mean /=P months and variance 1P months®.

An individual woman"s time to conception is determined

by
In(2)
n In(l-pJj
where z is a random number between 0 and 1. Values for

n for given values of p and z are shown in Table 4.1.

Outcome of pregnancy

After conception, there are three possible
events: foetal death, stillbirth and live birth, with
probabilities 0jJ, 02 and 03 respectively. The proba-
bilities of foetal death and stillbirth increase linearly

with age:



Table 4.1:

Random

number
.01
.1
.2
.3
A4
.5
.6
.7
.8
9
.99

* The TFfigures given are
the fractional
whole number.
as 5 months.

Where n > 26,
another random number
is added to 26.

Months* to conception for given

of fecundabilitv

.01

458
229
160
119
91
68
50

22
10

value of n

p

.05

89
44
31
23
17
13

A O ©

Fecundability

.10

43
21
15

11

w » O o©

N

215

28
14

w d 00 N ©

N

For example,

.20

20
10

w >~ 00 N

N

5.4 and

is generated.

.25

16

w P 01 ®

N

o O o

levels

.30

12

w N O

N

o o o

is redetermined (if necessary) and
The resulting

-40

w > ©

N

o O O o

in fact obtained by truncating
part rather than taking the nearest
5.7 are both taken

89

.50

o O o o o
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ex = 0.24 + 0.005 (x - 30)

e2 - 0.03 + 0.001 (x - 30)

resulting in a corresponding decrease in the probability
of a live birth (O 3 1 - 01 - 02). Table 4.2 gives
these probabilities by age.

In the event of foetal death, the gestation
period is distributed geometrically with monthly pro-
bability of foetal death equal to 0.11(0.55)n-2 where
2 s n s 8 months. Losses in the first month of preg-
nancy are considered as reduced fecundability, and are
already incorporated into the basic monthly probability
of conception.

In the events of stillbirth and livebirth, the
duration of pregnancy is fixed at 9 and 10 (lunar)
months respectively. Insusceptibility to conception
after foetal death and stillbirth is also fixed at 2
and 3 months respectively. After a livebirth however,
the period of post partum insusceptibility is determined
randomly. The interval is made up of a fixed one month
delay plus two consecutive geometrically distributed
delays with the same parameter. For noncontracepting women
this parameter is r * 1/6 with a mean delay to suscep-
tibility to conception of 1.0 ¢ 2(I-r)/r * 11 months
and a variance of 60 months . For contracepting women,

see below.



Table 4.2: Probabilities of foetal death, stillbirth

and livebirth by age

Probability of

Age

foetal death stillbirth livebi
20 -190 .020 .79
25 .215 .025 .76
30 .240 -030 .73
35 .265 .035 .70
40 .290 -040 .67
45 .315 .045 .64

50 -340 .050 .61

91
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Sterility and menopause

The age at which conception can no longer take
place can be determined by one of two random variables,
age at sterility and age at menopause. The younger of
these two ages is taken as marking the end of a woman®s
possible childbearing period.

Age at menopause Tfollows a beta distribution

between ages 38 and 54 with a mean of 47.6 years:

EXX) - where K is the

54
appropriate constant such that 7/ f(x)dx * 1.0
38

This Tfunction is tabulated in Table 4.3: individual ages
at menopause are determined by the generation of a ran-
dom number between O and 1 .
Age at sterility, where it occurs before meno-
pause, 1is determined as 28 + z/0.012 years where z is
a random variable between 0 and 1. At ages less than
28, a constant 4.8 per cent of women are assumed sterile.
The combined effect of these two functions is
illustrated in Figure 4.1. The mean age of the end of
the childbearing period is 43 years, and the median

46 years.



Table 4.3: Frequency and cumulative distributions

of age at menopause

Age 1169 FCO
38 0.000 0.000
39 .001 .001
40 -006 .007
41 .016 .023
42 -028 .051
43 .045 .096
44 .064 .160
45 .073 .233
46 .087 -320
47 .099 .419
48 .107 .526
49 111 .637
50 .109 . 746
51 .100 .846
52 .083 .929
53 .057 .986

54 .014 1.000
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Figure 4.1: Cumulative distributions of age at menopause
and age at sterility in the Barrett simulation
model and in the modified Barrett simulation
model .

proportion



Contracepting women

The introduction of contraception into the
model requires changes to two functions. Firstly, the
fecundability function is modified by multiplying p by a
factor 1 - E, where E is a measure of use-effectiveness
of contraception. The model allows for two levels
of contraceptive effectiveness, El and E2. B is the
level applied in order to try to attain a last birth
interval of two years. It is therefore applied for two
years fTollowing the start of the fecund interval when
one less than the preferred number of births have been
achieved, that is when only one more birth is desired
by the woman. (The variable, desired family size, Iis
a fixed input parameter, and is equated with number of
conceptions resulting in a live birth. No account is
taken of multiple births or of infant mortality.) E2
is the level of contraceptive effectiveness applied when
no more children are desired, E2 being greater than Ej.
Where the desired family size is zero, E2 is applied
throughout.

The second change due to the introduction of

contraception in the model is the need to reduce the

post partum interval in order to simulate an accompanying

reduction in breastfeeding. This is achieved by
increasing the parameter, r, iIn the geometric distri-

bution of delays from 1/6 to as much as 1/2 for highly

95.



contracepting populations. The means and variances of
the post partum interval, including the one month fixed
delay are shown in Table 4.4.

These two changes obviously have opposing
effects on the level of fertility: the reduction in
fecundability achieved through contraception reduces
fertility whilst the reduction in the post partum interval

serves to increase fertility.

Modifications of the Model

The Barrett simulation model had to be modified
in order to produce age specific fertility schedules
representative of early marrying, high fertility popu-
lations. This involved two important modifications.
First, the model was extended to ages less than 20 with
the accompanying introduction of a variable age at
marriage; and secondly, marital dissolution was intro-
duced to allow age specific fertility rates for all
women to be calculated. Such modifications take no
account of possible correlations between, for instance,
early marriage and high fecundability. Since only changes
in fertility patterns are of interest, however, this 1is

not of importance.

Age at marriage

The previously fixed age at marriage parameter



Table 4.4:

mean

variance

Mean

lengths and variances of post partum

intervals in lunar months determined bv r

1667

11

60

.2 .25 3 .35 A4
9 7 5.7 4.7 4
40 24 15.6 10.6 7.5

97
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was replaced by the same function of proportions ever
married, G(x), as was used in the Coale-Trussell ferti-
lity model described in Chapter 3. Again, values were
obtained from the analytical expression developed by

McNeil (Coale and McNeil, 1972)

g(x) = exp,-0.174(x-a0-6.06k)- expt™]|£2i(x-0-6,06Y) 1}

where g(x) 1is fTirst marriage frequency and aQ and k relate
to the start and pace of first marriage respectively.

The earliest age of start of first marriage allowed in
the modified model is 10 years or 130 lunar months. The
choice of a random number between 0 and 1 determines

the point on the cumulative distribution, which in turn
determines age at marriage in months. No account is
made of the proportion who never marry, though the G(X)
function does allow some women (depending on aQ and k) to
marry at ages beyond the end of childbearing. The level
of fertility obtained is therefore close to, but not
exactly, the completed fertility rate for all women.

This is not of importance for present purposes, since
only the pattern of fertility is of interest. The cumu-
lative function, proportions ever married, is reproduced
by lunar month for k * 1.0 in Table 4.5. The effect of
changing k can be seen from this table. For example,

if k - 0.6, marriage occurs at a rate that is 1.0 t 0.6

» 1.67 times as fast as when k - 1.0. Hence, after

n months of marriage with k m 0 .6, the same proportion



Tabic 4.5: Proportions ever married by year and lunar month
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have married as after 0.6 n months with k = 1.0. This
assumes the same value of aQ. Obviously, changes in aQ
have the effect of moving the curve along the age axis,

so that as aQ increases, marriage is generally later.

Teenage Tecundability

The introduction of early ages at marriage into
the model means that age at menarche and teenage sub-
fertility need to be taken into account. Age at menarche
is not dealt with directly; rather, fecundability is
reduced at ages less than 20 by an exponential function
chosen to account for both factors. The development of
this function is given in Appendix 4.1, the end result
being a fecundability at ages less than 20 equal to

I

p - p* exp{(x - 260)/40}

where p* 1is the basic monthly fecundability determined
randomly from the beta distribution given in equation 4.1.
The values of p at ages 10 to 19 for p* * 100 are given

in Table 4.6.

Outcome of teenage pregnancy

The age dependent functions of the probabilities

of foetal death, stillbirth and livebirth (0J, and e3”



Table 4.6:

Fecundability at ages 10 to 19 when p*

Years * Months

10
11

12

13
14
15
16
17
18
19
20

Age

130
143
156
169
182

195
208
221

234
247

260

Fecundability

100

101.

100
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are not suitable for ages less than 20 years. These
functions imply that the probability of a livebirth
increases linearly for younger and younger ages; clearly
this is not the case.

In the absence of any clearcut evidence, and
to keep the model from becoming too cumbersome, values
of 0”, 02 and 63 are assumed to be the same at ages less
than 20, as at 20 years. Hence, for teenage preghancies,
the probability of foetal death is 0.19, of stillbirth 0.02
and of livebirth 0.79. At very young ages, where these
probabilities may be erroneous (in favour of livebirth),
the small number of pregnancies involved means that the

effect on fertility is minimal.

Modified sterility

In its unmodified form, the Barrett simulation
model produces marital fertility schedules, and has no
provision for the effects on fertility of marital disso-
lution. In order to determine age specific fertility
for all women, it was therefore necessary to allow for
the effects of widowhood, separation and divorce on
fertility. This was achieved by changing the sterility
function to include the effects of marital dissolution.
The age at menopause function was left unchanged.

The original age at sterility function is

xS - 28 ¢ z/0.012
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where xg is age at sterility and z is a random variable
between O and 1. After a series of modifications, des-
cribed iIn Appendix 4.2, this was replaced by an exponential

function:

Xg * 20 ¢ 13 In(l + 92)

As before, the younger of the ages of sterility (where
sterility”™ now includes marital dissolution) and menopause
is taken as marking the end of the possible childbearing
period. The two distributions are illustrated in
Figure 4.1. The introduction of the possibility of
early ages at sterility requires that the fecundability
function also be modified slightly. Where the age at
the end of the possible childbearing period, xg, is
greater than 30, p decreases monotonically from p* at 30
to 0 at x£ (for contracepting populations, the factor

1 - E. is applied) as before. Where xg is less than or
equal to 30 years, no such decline occurs, and p becomes
zero immediately. This is equivalent to stating that
all women who become “sterile® before the age of 30, do

so because of marital dissolution rather than biological

factors.
Contraceptive effectiveness level
The above modifications were all made using

contraceptive effectiveness of Ej - 0.7 and E2 m 0.9.

This was to avoid the very high fertility characteristic



of populations such as the Hutterites. The actual
effect of this low level of contraception is small,

however.

Simulating a Fertility Decline

Taking the modified Barrett simulation model
as described above, a gradual decline in fertility was
achieved by changes in parameters governing the level
and pattern of fertility. The level of completed fer-
tility produced by the modified model is roughly 8.0
for women who ever marry, for early marrying populations
with nuptiality parameters aQ of about 10 or 11 years
and k of about 0.5. (Note that all completed fertility
levels produced by the simulation are for ever married
women and are therefore slightly higher than the Ilevel
for all women.) The parameters used to bring about a
decline in fertility are desired family size, contracep-
tive effectiveness in combination with length of post
partum interval, and the nuptiality parameters aQ and k.
Their separate effects are discussed below, before con-
sidering their combined effect as a declining fertility
situation. In all cases, results should be viewed in

the light of sampling errors, discussed in Appendix 4.7.

Desired family size parameter

In all previous simulation runs, the desired



family size parameter, DFS, was set equal to an unachie-
vable quantity (40), so that it had no effect on fertility.
Introduction of the variable at lower levels produced a
lower level of fertility as well as a younger and more
peaked pattern. Results of decreasing DFS for
aQ = 130 lunar months, k = 0.6, and for contraceptive
effectiveness, E™ and E2 of 0.7 and 0.9 respectively
coupled with a post partum coefficient, r, of 1/6 are
shown iIn Table 4.7. As expected, this parameter 1Is very
important in producing the desired fertility decline.
Consideration was given to whether or not DFS
should be a variable parameter rather than fixed for all
women. Various simulation exercises were carried out
with weighted combinations of desired family sizes.
Comparison with single values of DFS showed that for the
range of values tested, variability of DFS has very little
effect on fertility achievement. The parameter was thus
left as a fixed quantity. A more detailed account of

these comparisons is given in Appendix 4.3.

Post part™»" interval and contraceptive effectiveness parameters

In previous runs the post partum coefficient was
set at r - 1/6, equivalent to an interval length of 11
lunar months. Changes in this parameter are only meaningful
if coupled with an increase in contraceptive effectiveness,

since short post partum intervals are associated with more



Table 4.7: Effect of reducing desired family size on

the level and pattern of fertility

Desired family size

Age (C)) 6 5 4
10-14 .00533 .00713 .00984 .01283
15-19 .11034 .15011 .16721 .18759
20-24 .24327 .31640 .34311 .34460
25-29 .23807 .26961 .25092 .23337
30-34 .19464 .15829 .13886 .12984
35-39 .13205 .06853 .06075 .06246
40-44 .06145 .02592 .02430 .02332
45-49 .01460 .00365 .00501 .00578
50-54 .00025 .00035 - .00021
level 7.88 5.75 5.19 4.68

% 100 73 66 59
% 137 100 90 81

ao * 130, k * 0e6, E~ * 0.7, E2 -0.9, r » 1/6
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developed societies which are also likely to be highly
contracepting. The effect on fertility of changes in

r alone are shown here to identify their contribution to
the combined effect. Table 4.8a gives results for

aQ » 130, k * 0.6, DFS = 5, and the low contraceptive
effectiveness E~» = 0.7 and E2 “ 0.9. In fact, reducing
the length of the post partum interval from 11 to 5.7
months has very little effect on the pattern of fertility
(in the direction of small reductions in the mean and
variance), but does increase the level slightly. This
increase in level 1is much reduced, however, when E» * 0.9
and E£E m 0.99 as shown in Table 4.8b.

The effect of increasing contraceptive effective-
ness from the low level of E~ m 0.7, E2 m 0.9 to the high
level of E~ * 0.9, E2 * 0.99 is seen by comparing the
columns of Tables 4.8a and 4.8b. The reduction of com-
pleted fertility is greater for shorter post partum inter-
vals, as shown by the column percentages in the bottom row
of the table. The effect on the pattern of fertility,
also more pronounced for shorter post partum intervals,
is to move the curve slightly to younger ages and to make
the curve more peaked, that is both the mean and variance
are reduced.

The effects of reducing the post partum interval
and increasing contraceptive effectiveness are in the
same direction for the pattern of fertility, namely of

reducing both the mean and variance. The combined effect
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Table 4.8: Effect of reducing the post partum interval

Age
1/6 .2 .25 3
11 9 7 5.7
a) low contraceptive effectiveness (E* = 0.7, E2 - O.
10-14 -00984 -01103 .01263 -00869
15-19 -16721 -16601 .16874 .18564
20-24 -34311 .35315 -35578 .35975
25-29 -25092 -25014 24744 -23706
30-34 .13886 .13591 .12775 .13174
35-39 .06075 -05496 -06076 .05160
40-44 -02430 -02356 -02105 -02199
45-49 -00501 .00486 -00549 .00337
50-54 - .00037 -00037 .00018
level 5.19 5.35 5.46 5.64
% 100 103 105 109
b) high contraceptive effectiveness (E* m 0.9, E2 - 0
10-14 .01138 .00870 .01131 -01146
15-19 -18795 .20339 .19487 -20649
20-24 -39330 -39407 -41409 .42357
25-29 .25558 .25446 -24989 .23611
30-34 .11027 -09768 -09004 -08649
35-39 .03125 .03256 .02719 .02422
40-44 .00848 .00781 -00826 -00865
45-49 -00156 .00134 -00391 -00303
50-54 .00022 - -00043 -
level 4.48 4.48 4_.60 4.63
% 100 100 103 103
column
% 86 84 84 82

130,

on the level and pattern of fertility for
low and high contraceptive effectiveness

Value of r and interval in lunar months

k - 0.6, DFS - 5
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can be seen by comparing the first column of Table 4.8a
with the last column of Table 4.8b. For the level, how-
ever, their effects are in opposite directions. The
reduction in completed fertility due to increased con-
traceptive effectiveness Iis greater than the increase

due to the shorter post partum interval, so that the
combined effect is to reduce completed fertility to

89 per cent.

Nuptiality parameters

Fertility declines in developing societies
are usually accompanied by rises in the age at marriage
and a slowing down in the pace at which marriage occurs.
Such changes obviously have a delaying effect on fer-
tility resulting in reduced fertility because women are
less fecund at older ages.

The effects of increasing aQ, the start of first
marriage, from 10 years to 15 years for a fixed value of
k - 0.5 are shown in Table 4.9 (for DFS m 6, r m 1/6,

m 0.7 and E2 m 0.9). The effect on the level of
fertility is small for very young ages where fecundability
is low but increases by increasing amounts as higher ages
are reached. The age pattern of fertility is compressed
slightly by virtue of the fact that the reproductive span
is shortened.

The effect of increasing k, that is slowing down



Table 4.9:

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54

level

%

DFS - 6, r - 1/6

marriage on the

fertility for k = 0.5

level and pattern of

Effect of increasing age of start of first

Exact age of start of first marriage (years)

10 11

.01133 .00545
.16754  .15072
.31784  .32340
.25782  .26601
.15199  .15497
06340 .06795
.02553  .02520
.00423 .00613
.00034 .00017

5.92 5.87
100 99

» E1l

12

-00259
-13702
.31868
.28576
-16132
-06756
.02051
-00603
-00052

5.80
98

13

-00036
-10195
.32114
.29982
.17034
-07584
-02575
.00444
-00036

5.63
95

0.7, E2 - 0.9

14

-07160
-31136
-30457
-19185
-08665
-02846
.00496
-00055

5.45
92

15

-04641
.28366
-31569
.21366
.10261
-03280
.00518

5.21
88

110.



the pace of marriage, can be seen in Table 4.10 (again

for DFS = 6, r = 1/6, = 0.7, E2 m 0.9 and aQ = 10 years).
The resulting decrease in completed fertility is greater
than that resulting from increasing the age at start of
marriage. The effect on the pattern of fertility is

very similar to the effect of increasing aQ from 10 to

15 years. The combined effect of aQ and k is shown in
Table 4.11 (for DFS =6, r = 1/6, Ej = 0.7, E2 - 0.9)
using the same combinations that are used later in the
actual simulation of a fertility decline. As expected,
the decrease in total fertility is greater than for

either separate effect, but does not appear to be as

great as the sum of the two effects (though sampling
errors could account for this). The effect of increasing
both parameters simultaneously on the pattern of fer-
tility is very similar to the separate effects though

slightly more pronounced.

Relative effect of parameters

It is seen from the above analysis that the
parameter that has most effect on the level of fertility
is desired family size. A reduction from DFS m 6 to
DFS - 4 results in a 19% fall in completed fertility,

a decline which is only equalled by the combined effect
of changing nuptiality parameters from aQ m 10 years,

k m 0.6 to aQ - 15 years, k m 1.0. The effect of k
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the pace of marriage, can be seen in Table 4.10 (again

for DFS = 6, r * 1/6, E~ - 0.7, E2 m 0.9 and aQ = 10 years).
The resulting decrease in completed fertility is greater
than that resulting from increasing the age at start of
marriage. The effect on the pattern of fertility is
very similar to the effect of increasing aQ from 10 to

15 years. The combined effect of aQ and k is shown in
Table 4.11 (for DFS =6, r = 1/6, El - 0.7, E2 = 0.9)
using the same combinations that are used later in the
actual simulation of a fertility decline. As expected,
the decrease in total fertility is greater than for
either separate effect, but does not appear to be as
great as the sum of the two effects (though sampling
errors could account for this). The effect of increasing
both parameters simultaneously on the pattern of fer-
tility is very similar to the separate effects though

slightly more pronounced.

Relative effect of parameters

It is seen from the above analysis that the
parameter that has most effect on the level of fertility
is desired family size. A reduction from DFS * 6 to
DFS - 4 results in a 19% fall in completed fertility,

a decline which is only equalled by the combined effect
of changing nuptiality parameters from aQ = 10 years,

k - 0.6 to aQ * 15 years, k m 1.0. The effect of k
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Table 4.10: Effect of decreasing the pace of first marriage
fincreasing k) on the level and pattern of

fertility for a,. =10 years
Yy o) y

Value of k

Age 0.5 0.6 0.7 0.8 0.9 1.0
10-14 .01133 .00713 00568 .00700 .00397 .00222
15-19 .16754  .15011 13317 .11670 .10004 .08461
20-24 .31784 .31640 31055 .29431 .27439 .26128
25-29 .25782 .26961 27699 .28371 .29160 .29311
30-34 .15199 .15829 17330  .18082 .19535 .21253
35-39 .06340  .06853 06836 .08152 .09777 .10556
40-44 .02553 .02592 02628 .02988 .03026 .03425
45-49 .00423  .00365 00550  .00605 .00662 .00624
50-54 .00034 .00035 00018 - - .00020
level 5.92 5.75 5.63 5.29 5.29 4.96

% 100 97 95 89 89 84

DFS - 6, r - 1/6, Ex - 0.7, E2 0.9



Table 4.11:
Age
10-14 .00713
15-19 .15011
20-24 .31640
25-29 .26961
30-34 .15829
35-39 .06853
40-44 .02592
45-49 .00365
50-54 .00035
level 5.75
% 100
*
Ay is measured
DFS - 6, r - 1/6,

113

The combined effect of increasing age at start

of first marriage and decreasing pace of first

marriage on the

level and pattern of fertility

Parameters * Cao”’
(130, 0.6) (136, 0.7) (143, 0.8) (149, 0.9) (156, 1.0)

-00521
-11921
.30467
.28205
217271
-08330
.02675
.00592
.00018

5.57
97

-00344
-09981
.28203
.29885
.19522
-08623
-02945
-00497

5.23
91

in lunar months

Ej

- 0.7,

E2 - 0.9

-00102
-07258
.25516
.29708
.21427
-11000
.04069
.00920

4.89
85

-00022
-05169
.23928
.29442
.23239
-12190
.05061
.00926
-00022

4.64
81
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alone 1is the second most important factor in bringing

about a fertility decline. The other parameters, con-
traceptive effectiveness and post partum interval, have
less overall effect because of their opposite separate
effects on level.

The pattern of fertility is affected consi-
derably by the various parameters. The greatest effect
on the mean is produced by the nuptiality paramaters, aQ
and k, increases in which move the fertility curve towards
older ages, without having much effect on the variance.
Reducing the desired family size parameters has con-
siderable effect in reducing the variance and also reduces
the mean somewhat. The contraceptive effectiveness
and post partum parameters both reduce the mean and

variance slightly.

Combined effect of parameters on fertility; declining fertility

A declining fertility situation was simulated in
5 stages. The parameters discussed above were changed in
combination and their values at each stage are shown in
Table 4.12. The amount of change in the parameters is
roughly equal over the five stages though not necessarily
over time: no attempt is made here to put a time span on
the simulated decline. . The aQ parameter does not reach
values higher than 12 years to allow for some fertility
to occur during the first age group, 10-14 years. The
delay in marriage is rather accounted for by the parameter

k: at stage 1, 834 of women who ever marry have done so



Table 4.12: Values of parameters contributing to declining

fertility at each stage of the decline

Stage Vv k DFS r E1l E2
1 130 .6 6 1/6 7 9
2 136 7 6 .2 .75 -923
3 143 8 5 .25 -8 -945
4 149 9 5 .3 S .968
5 156 1.0 4 .35 -9 -99

is measured in lunar months
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Table 4.12: Values of parameters contributing to declining

fertility at each stage of the decline

Stage Vv k DFS r E1l E2
1 130 -6 6 1/6 7 9
2 136 7 6 .2 -75 -923
3 143 .8 5 .25 -8 -945
4 149 -9 5 -3 .85 .968
5 156 1.0 4 .35 9 -99

a,, Is measured in lunar months



by age 20; at stage 5 this proportion is 35%. The
desired family size parameter is reduced slowly, because
of its considerable effect on both the level and pattern
of fertility, to a lower limit of 4 (Caldwell, 1974).
Contraceptive effectiveness ranged from the low level
used throughout the development of the modified model

to a high level of = 0.9, E2 * 0.99. This seemingly
highly effective (99%) level does, in fact, allow for
some "mistaken™ conceptions to occur, though these are
more than outweighed, in terms of completed fertility,
by the failure of some women to achieve the desired
family size. The post partum interval ranges from 11
months (r = 1/6) to a reasonably developed society value
of 4.7 months (r * .35).

The age specific fertility rates (normalised
to sum to 1) and completed fertility for each stage of
the fertility decline are shown in Table 4.13. Com-
pleted fertility is reduced by 44% over the 5 stages,
and the pattern changes from a high early peak to a less

peaked later distribution.

Comparisons with Knodel®s work

Knodel (1977) compares the age patterns of
fertility of contemporary Asia and pre-industrial Europe
by consideration of their values of m, the index of

voluntary birth control in the Coale-Trussell model.



Table 4.13:

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54

level
%

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54

stages of the simulated fertility decline

Stage of fertility decline

.00713
-15011
-31640
.26961
-15829
-06853
.02592
-00365
-00035

5.75
100

Ratios

.02
47
1.00
.85
.50
.22
.08
.01
.00

2

.00649
.12232
.32463
.28662
.16303
.06990
.02198
.00486
.00018

5.55
97

of rates to 20-24

.02
.38
1.00
.88
.50
.22
.07
.01
.00

3

.00216
-10953
-35403
.29474
.15287
-06080
.02285
-00259
.00043

4.64
81

.01
.31
1.00
.83
.43
.17
.06
.01
.00

Age specific fertility rates at successive

-00123
-07683
-31780
-31996
-18143
-07436
-02345
-00463
-00031

3.24
56

.00
.24
1.00
1.01
.57
.23
.07
.01
.00

117.



Table 4.13:

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54

level
%

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54

stages of the simulated fertility decline

Stage of fertility decline

1 2

.00713
-15011
.31640
.26961
-15829
.06853
.02592
-00365
.00035

5.75
100

Ratios
.02
1.00
.85
.50
.08

.01
-00

-00649
.12232
.32463
.28662
.16303
-06990
.02198
.00486
.00018

5.55
97

of rates

.02
.38
1.00
.88
.50
.22
.07
.01
.00

3

-00216
-10953
-35403
.29474
.15287
-06080
-02285
-00259
.00043

4.64
81

to 20-24
.01

3l
1.00

Age specific fertility rates at successive

.00123
.07683
.31780
-31996
-18143
-07436
-02345
-00463
-00031

3.24
56

117



A similar comparison, between the simulated fertility
schedules and Knodel®s Asian data, is carried out here
to ascertain the validity of the simulated age pattern
of fertility.

A description of the Coale-Trussell model of
fertility has already been given in Chapter 3, and the
method used by Knodel of calculating m from age-specific
marital fertility rates appears in Appendix 3. IB. In
order to be able to calculate m values for the simu-
lated data, however, the rates (which are for ever-
married women) need to be converted into rates for cur-
rently married women only. This was attained to a
limited degree of satisfaction (see Appendix 4.4) by
re-adopting the original sterility function of the Barrett
simulation model. The m values resulting from this
appear in Appendix Table A4.4.1. The standard deviations
of the m values in each schedule are well within the
levels found by Knodel, indicating that the age pattern
of fertility is consistent with both empirical evidence
and the Coale-Trussell model.

Knodel also compares the age patterns of fer-
tility decline of Asia and pre-industrial Europe, by
calculating the percentage changes in marital fertility
during different stages of fertility transition. A
similar comparison between the simulated fertility dec-
line and Knodel®s Asian data is made in Appendix 4.5,

using the simulated marital fertility rates obtained in
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line and Knodel®s Asian data is made in Appendix 4.5,

using the simulated marital fertility rates obtained in
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Appendix 4.4 by using Barrett"s sterility function.
The pattern of percentage changes found in the simu-
lated data is well in line with Knodel"s findings over
periods where the desired family size parameter has
changed. Where DFS has not changed, however, there
is no clear pattern of change. It is suggested that
periods that incorporate a change in DFS might be of

more interest than those that do not.

Comparisons with Lesthaeghe®s work

The effect of nuptiality patterns on fertility
in general have been well documented (Coale and Tye, 1961;
Leasure, 1963; Coale, 1967, 1971; Talwar, 1967, 1974).
Lesthaeghe (1971), however, looks more closely at the
patterns of nuptiality and the effect of nuptiality
changes on marital fertility. His schedules of changing
nuptiality are used as a reference with which the nup-
tiality schedules used in the simulated fertility decline
are compared in Appendix 4.6. There are considerable
differences in the parameters of the two transitions:
the nuptiality parameters used in the simulation describe
a much earlier start to marriage but a slower pace than
do those used by Lesthaeghe. In addition, no account
of possible changes in the final proportion ever married,
C, is made in the simulation, whereas Lesthaeghe does

incorporate a decline in C. Despite these obvious
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differences in the individual parameters, their com-
bined effect as proportions ever married schedules are
remarkably alike for the two transitions. The greatest
discrepancies occur at very young and very old ages,
though these differences are shown to be negligible in

terms of their effect on age specific fertility.
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CHAPTER 5

TESTING THE TRANSFORMED GOMPERTZ MODEL

Introduction

This chapter describes the procedure by which
the transformed Gompertz model is fitted to data. The
efficacy of the model is shown in its application to
several sets of well-behaved data where completed fer-
tility is known. In this chapter all analyses are per-
formed using cumulative fertility rates, F(x), at exact
ages 15, 20, etc. In the following chapter the model
is adapted for use with data obtained from maternity
histories. The basic fitting procedure described here

is used throughout.

The Efficiency and Applicability of the Model

The empirical base of the Coale-Trussell model
fertility schedules, which in turn form the basis of
the standard fertility schedule used in the transformed
Gompertz model, provides the model with much greater
fitting powers than the ordinary Gompertz. This 1is
shown in the non-linearity of Yg(x), especially in the
tails of its distribution where the large deviations from

linearity indicate that the Gompertz curve is rather a
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poor fit (see Chapter 2, Figure 2.1). The transformed
Gompertz model is based on the more plausible assumption
that fertility follows the pattern of the empirically
based standard rather than of the ordinary Gompertz curve.
The particular standard pattern of fertility developed
in Chapter 3 is based on a subset of the Coale-Trussell
model fertility schedules, namely those representative
of high fertility populations. The use of this standard
in the transformed Gompertz model should thus be res-
tricted to the model"s application to high fertility data.
It is, of course, possible to develop other standard
patterns of fertility from the Coale-Trussell set for
use with lower fertility data. With good quality data,
internal standards might be used.

In this chapter, the transformed Gompertz
model is tested on data for which the high fertility
standard is not strictly appropriate because of their
lower level of fertility. Use of such data is unavoidable
because good quality data with high fertility levels do
not exist. The problem is not serious, however, because
the results of the tests will be more conservative than
iT appropriate data were available. In general, there-
fore, the model might be expected to produce slightly

better results than those reported here.

Fitting to Cumulative Fertility

The transformed Gompertz model developed in

Chapter 2 is described by
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51

where F(x) 1is cumulative fertility to exact age X, Yg®X)
is transformed standard fertility, and P, Q and F are
parameters. F is of most interest being interpretable

as completed fertility. The best fit iIn the least squares
sense of the model to observed data is obtained by mini-

mising the objective function
S » EwXxX) [FOO - F(x)]2 5.2
X

where F(x) is observed, and F(xX) is Tfitted, cumulative
fertility and w(x) 1is a set of weights attached to F(X).
The choice of w(x) = 1 and of the method of estimation
(least squares) are those used iIn Chapter 6 for the
analysis of data from maternity histories. The reasons
for their choice are discussed in that chapter in relation
to the nature of the data. Their use in the analysis

of well-behaved data is not necessarily the best choice,
but does provide a direct comparison with the results in

Chapter 6.
The fitting procedure
The procedure used to fit the transformed

Gompertz model to data is described here in terms of the

minimisation of S in equation 5.2. The process is
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iterative and uses the general minimisation program
MINUIT (James and Roos, 1971). All other computer
programming is specific to this fitting procedure and
appears in Appendix 5.1.

Initial estimates of the parameters, P, Q
and F, required by MINUIT as a starting point, are
derived from the data so as to provide a reasonably
accurate start, thereby keeping the number of iterations
to a minimum and avoiding possible local minima that
may exist (in poor quality data) away from the region of
the true minimum value of S.

The initial parameter estimates are calculated
from estimates of the ordinary Gompertz parameters of
both the standard and observed fertility as described
in Appendix 5.2. This procedure is based on the assump-
tion that the Gompertz fit is adequate for obtaining
initial estimates for the transformed Gompertz model.
The Gompertz parameters for the standard are derived in
Appendix 3.3. Estimation of the ordinary Gompertz
parameters for the observed data is done by the method
of selected points (described in Appendix 5.3). Though
this is a simple method of estimation with the possibility

of large errors, especially for poor quality data, it

is adequate for the purpose of providing initial esti-

mates of P, Q and F.
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The Data and Results

The data discussed in this chapter are cohort
fertility cumulated to exact ages 15, 20, ... 50, and
are referred to as endpoint data. Such data have
usually been collected by vital registration rather than
by retrospective survey or census. Births are recorded
by year of occurrence by age of mother so that it is pos-
sible to arrange the data to be cumulative to exact ages.
By choosing to cumulate to exact ages 15, 20, ... 50,
the data are appropriate for analysis by the transformed
Gompertz model using the endpoint values of the standard,
Ys(x), developed in Chapter 3. The data are presented
in Appendix 5.4.

The results are presented in terms of F, a and
6. The full results, including estimates of P and Q
and a measure of goodness of fit based on the objective
function, are presented in Appendix 5.5. The demographic
interpretation of the parameters has been discussed in
Chapter 2: briefly, P (where a - -In(-In P)) represents
the proportion of fertility achieved by the origin in
the standard (approximately 24.9 years) and B (* -In Q)
describes the speed at which fertility occurs relative
to the standard. F is the level parameter measuring

completed fertility.

Simulated Data

A series of high fertility cohort data incorporating
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a "controlled®™ fertility decline were obtained by simu-
lation. The object of this exercise was to produce a
set of fertility rates free from reporting errors and
biases. In addition, such simulated data are based
on known parameters, so that changes in the pattern of
fertility, in particular in the direction of declining
fertility, can be brought about by known changes in
parameters. The use of the transformed Gompertz model
in a declining fertility situation can thus be examined.

The process by which the data were simulated
is described in detail i1n Chapter 4. The simulation
process produces birth histories for individual women,
assigning each birth to the appropriate age group accor-
ding to the exact age of mother. The data, when cumu-
lated, thus refer to exact ages 15, 20, ... 50, that Iis
to the endpoints of five-year age groups. Five
schedules of cumulative cohort fertility were simulated
representing five consecutive stages of a fertility
decline. Since only the changing pattern of fertility
is of interest, the rates are normalised to sum to unity.
However, the simulation model allows for births to occur
to age 54, whilst the transformed Gompertz model assumes
zero fTertility after exact age 50. Actual fertility
at 50 thus falls slightly short of 1.

Cumulative fertility rates for the five stages
of the simulated fertility decline are reproduced in

Appendix 5.4 (Table A5.4.1). The estimates of completed
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fertility obtained by fitting the transformed Gompertz
model appear in Table 5.1. For each stage of the
decline the model was fitted to all eight datapoints

(at ages 15, 20, ..., 50) to provide an T“overall®™ esti-
mate of F (in all cases less than 0.5 per cent in error).
As expected, reducing the number of datapoints to which
the model is fitted, as if the data referred to incom-
plete cohort experience, results in poorer estimates

of F. This is seen in the lower half of Table 5.1
where percentage errors appear. Fitting to relatively
complete data, that is including up to at least age 40,
results in slight underestimates of F, though not by
more than 1.0 per cent. The inclusion of progressively
fewer points causes this underestimate to become an over-
estimate. For these data, fitting to age 30, that is

to only four datapoints, results in an error of at most
6.20 per cent. The early part of the data thus points
towards slightly higher completed fertility than is
observed, but as later datapoints are included expec-
tations change towards a very slight underestimate of
the final level.

Examination of the estimates of the parameters
governing the shape, rather than the level, of fertility
provides a clearer understanding of the model. Esti-
mates of a and 6 are shown in Table 5.2. It is seen
that within stages of the fertility decline an increase
in F is generally associated with decreases 1in both a

and 8, and vice versa. There are exceptions to this,



Table 5.1: Estimates of completed fertility

simulated data

Po ints Stage of fertility decline
included 1 2 3 4

15 to 50 -99679 .99686 -99698 -99552
15 to 45 -99760 -99675 .99725 -99533
15 to 40 -99775 -99751 -99050 -99291
15 to 35 1.01712 1.01233 99614 1.01002

15 to 30 1.05201 1.06186 1.02366 1.02535

Actual -99964 -99983 -99957 -99977

Percent error in estimate

15 to 50 -.29 -.30 -.26 - .43
15 to 45 -.20 -.31 -.23 -.44
15 to 40 -.19 -.23 -.91 -.69
15 to 35 1.75 1.25 -.34 1.03
15 to 30 5.24 6.20 2.41 2.56

for

-99548
-99583
-99325
1.00474
1.05248

-99969

-.42
-.39
-.64

.51
5.28

128.
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Table 5.2: Estimates of & and 8 for simulated data

Points Stage of fertility decline
included 1 2 3 4 5

a estimates

15 to 50 .28378 .22077 .24249 -12801 -05924
15 to 45 .28200 .22322 .24276 .12823 .05873
15 to 40 .28169 .22154 .25429 -13191 -06191
15 to 35 .24821 -19660 .24452 -10643 -04632
15 to 30 -19555 -13012 .20217 .08631 -.01031

8 estimates
15 to 50 1.31914 1.38417 1.49064 1.45942 1.47500
15 to 45 1.32016 1.38737 1.48850 1.46025 1.47755
15 to 40 1.32001 1.38422 1.51476 1.446917 1.48429
15 to 35 1.27265 1.34651 1.49857 1.42130 1.45219
15 to 30 1.22308 1.26846 1.44357 1.39498 1.37364
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in that a change in the estimate of F may be associated
with changes in a and 8 of opposite directions, but in
such cases the dominant change is in the opposite direction
to the change in F. Higher estimates of F are thus
associated with lower estimates of a and/or 8, and vice
versa. In the case of a, this association is readily
understood: lower values of a indicate that a smaller
proportion of observed fertility is achieved by age xog.
Since the actual values of observed fertility remain
fixed, a lower (higher) estimate of a (for given 8)

can only be achieved by increasing (decreasing) the esti-
mate of F. In the case of 8, the association between
the pace and level of fertility may not be obvious.
However, low (high) values of 6 (for given a) indicate
that the distribution of fertility by age has a relatively
large (small) variance, that is that the rates at very
young and very old ages are relatively high (low).

Within stages of the fertility decline, therefore, Ilower
(higher) estimates of 8 indicate that the fitted model
assumes higher (lower) rates of fertility at the final
stages of childbearing such that F is also higher (lower).
Hence, higher estimates of the level of fertility are
associated with a generally later and slower pattern,

and lower estimates of the level are associated with

generally earlier and faster pattern.



Trends iIn a and B

The simulated data allow for the changes in
the pattern of fertility that occur as the level declines
to be examined in detail because of the known generating
parameters. The effects of these parameters on fer-
tility are discussed fully in Chapter 4, and an attempt
is made here to relate them to a and 8. This 1is done
for the estimates of a4 and 8 obtained by fitting to the
complete data, but it should be noted that the same
relationships hold for a and 8 estimates Tfrom incomplete
data.

The parameter values and a and 6 estimates for
each stage of the simulated fertility decline are repro-
duced in Table 5.3. It is seen that, apart from an
irregularity at stage 3, a decreases and 8 increases as
the fertility decline progresses. In other words, a
lower level of fertility is associated with a later and
more peaked pattern. This is entirely consistent with
the values of the simulation generating parameters. The
steady increase iIn aQ, age at start of first marriage,
and the accompanying decrease in the rate at which mar-
riage occurs (increasing k) are the dominant changes
affecting the mean age of fertility, the increasing value
of which 1is clearly reflected in the decreasing estimates
of o. The reduction in the desired family size parameter

is the main cause of the decreases in the variance as
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Table 5.3: Generating parameters and a and B estimates

for the stages of the simulated fertility

decline

Stage of fertility decline

1 2 3 4 5
130 136 143 149 156
k 6 7 8 9 1.0
DFS 6 6 5 5 4
r 1/6 2 .25 3 .35
£1 7 .75 8 .85 9
B 9 .923 .945 .968 .99
a .28 22 .24 .13 .06
6 1.32 1.38 1.49  1.46 1.48

measured in lunar months
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the fertility decline progresses, helped by increasing
contraceptive effectiveness and hence progressively
successful achievement of desired family size. This
is reflected in the increasing values of S.

The irregularity in the trends in a and 6 at
stage 3 can be related to the changes iIn the generating
parameters at that stage. The increase, rather than
decrease, in a and the large increase in 6 are brought
about a combination of factors. The desired family
size parameter is of necessity reduced by integer values,
so that at some stages it was necessary to retain the
same value to avoid too great a decline in the level
of fertility. The reduction of this parameter from 6
to 5 at stages 2 to 3, coupled with the effect of large
coefficients of variation for age specific rates at
very young and very old ages (see Appendix 4.7) produced

a stage 3 schedule with very low rates at 10-14 and

45-49. The effect is to reduce the variance considerably,

and also to reduce late fertility sufficiently to push
the mean towards younger ages. To describe this effect
on d and 6 as an irregularity is not to say that it
would be unlikely to occur in real data. Indeed, such
an effect would be expected in populations where family
planning programmes have a sizeable impact on the fer-
tility of older women, but where marriage and early fer-
tility patterns are changing only slowly.

It might be expected that the reduction of
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desired family size from 5 to 4 at stages 4 to 5 would
produce a similar effect. It seems, however, that at
these later stages, increased contraceptive effective-
ness and later marriage are more important determinants
of the pattern of fertility than a reduction in desired
family size from 5 to 4. (This would not be so if
desired family size were reduced from 2 to 1.) Thus

a continues to decrease, and the increase in B is

relatively small.

Swedish Data

The Swedish data are produced by the National
Central Bureau of Statistics (Statistika centralbyran,
1969) and are based on the registration of confinements
until 1954, and of livebirths from 1955. (The net dif-
ference in these is small since biases due to stillbirths
and multiple births are opposite in direction.) Regis-
tration is by age (in years) of mother rather than by
year of birth of mother, so that the data refer to two
halves of two adjacent birth cohorts. Conversion to
birth cohort data is illustrated in Figure 5.1. It is
assumed for example that the b * b2 births that occur
to women aged 17 years in the interval t-4 to 4r-3 years
(that is aged 20 or 21 years at time t) comprise half
of the births in that interval to women aged 20 years

at time t and half of those in the same interval to



135,



women aged 21 years at time t. Furthermoie, it 1is
assumed that within the interval the distribution of
births over time is uniform for each birth cohort, so
that the square area in Figure 5.1 can be assumed equal
to the parallelogram bounded by the dotted lines and the
interval t-4 to t-3. The tabulated data are thus
assumed to refer to single year cohorts of women centred
on 1 January: at time t, therefore, these women are on
average exactly full years of age. Since the data are
tabulated by single years of age, it is possible to
choose exact ages 15, 20, ... 50, that is endpoints.

Complete data are available for the birth
cohorts of 1870/71 to 1915/16. Taking cohorts at five
year intervals from 1870/71 thus gives 10 complete cohort
fertility schedules. These data are reproduced in
Appendix 5.4 (Table A5.4.2).

The model was fitted to all eight datapoints
and to progressively fewer, as for the simulated data.
The resulting estimates of completed fertility are shown
in Table 5.4, along with their per cent errors. It is
seen that the errors for cohorts 1870/71 to 1900/01 are
of roughly similar size to those for the simulated data.
For later cohorts, larger errors in the estimate of F
were obtained and, as seen in the full results in
Appendix 5.5 (Table A5.5.2), the fits are not so good.

In addition, unlike the estimates for the simulated data,

there is no consistent pattern in the sign of the errors.
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Table 5.4:

Points
included

IS to 50
15 to 45
15 to 40
15 to 35
15 to 30

Actual

15 to 50

15 to 45
15 to
15 to
15 to

888

Estimates of completed fertility for Swedish data

1870/71

W W ww ww

5B B Y

.70674
.71329
. 72509
-68369
.61762

.6994

21

1875/76

3.
3.
3.
3.
3.
3.

52359
52717
53102
54486
44894

5197

=

S

N R

.01

1880/81

.19038
-19193
-18907
-14509
.34757

W W W w ww

.1878

Per cent

1885/86

2.89289
2.89639
2.90526
2.88957
2.72492

2.8884

.16
.28
.58
.04
-5.66

Cohort

1890/91

2.52178
2.51731
2.53430
2.57408
2.68178

2.5178

.16
-.02
.66
2.24
6.51

1895/96

2.14773
2.14421
2.14266
2.13766
2.11643

2.1492

error in estimate

-.07
-.23
-.30
-.54
-1.52

1900/01

.88448
.88348
-87938
.86006
.83018

)

1.8846

-.06

-.28
-1.30
-2.89

1905706

PR R R R

1

.83757
.84759
-88209
.80791
-67456

.8262

1.17

.06
-00
.30

1910711

1.89434
1.90969
1.98023
2.31204
2.10980
1

.8739

5.6.7
23.38
12.59

1915716

2.00564
2.01088
2.03164
2.15018
3.03656

1.9970

.70
1.73
7.67

52.06

LET
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Such changeability in the size and sign of the errors is
due to the transitional nature of the data. The First
five cohorts exhibit small errors of variable sign indi-
cating differential rates of declining fertility for age
groups within cohorts. The consistently negative errors
obtained for cohorts 1895/96 and 1900/01 indicate that
late fertility is higher than expected from the earlier
data, even when relatively complete. These cohorts

mark the beginning of the transition from declining to
increasing fertility which continues over the next three
cohorts. The much larger errors for the final cohorts
can be attributed to this transition, and their positive
sign indicates that late fertility is lower than expected,
especially from early experience. Relating these results
to the data in Appendix 5.4, it is seen that consistent
underestimation of F occurs when early fertility is high
in relation to late fertility, and that consistent over-
estimation occurs when early fertility is low in relation
to late fertility. Though this may at first appear con-
tradictory, it is seen from the a and 8 estimates in
Table 5.5 that these results are entirely consistent, and
are in line with those for the simulated data. For the
cohorts 1895/96 and 1900/01, the 8 estimates obtained for
less than complete data are greater than those obtained
for the complete experience of the cohort, indicating
smaller variances and correspondingly lower levels of fer-
tility. For the cohorts of 1910/11 and 1915/16, smaller

S estimates are obtained for incomplete than for complete



Table 5.5:

Points
included

to
to
to

to

6o GGG
88 &5 E

to

to
to
to
to

6 & & GG
8B E&HYZ

to

Estimates of a and B for Swedish data

1870/71

-.46238
- .46285
-.46377
- .45685
-.44435

.11871
-11452
-10730
.12338
.14145

e

1875/76

-.39820
-.39843
-.39884
-.40161
-.38083

.15916
-15626
-15368
.14765
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R
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-.31130
-.31122
-.31094
-.30030
-.35090

.17507
-17395
.17612
.20045
.13412

N

1885786

i = T = N =

.23227
.23286
-23499
-23033
.17488

-20326
-19961
.19196
.20264
.27235

1890/91

1895/96

a estimates

-.14929
-.14776
-.15332
-.16873
-.20753

6 estimates

1.25134
1.25615
1.23733
1.20724
1.15836

PR R R R

.05934
.05758
.05657
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.28298
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-23698
.26247
-38528
.31418

.18188
-16080
.07891
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-95795
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-.16033
-.16267
-.16957
-.21971
-.48914

-39638
-38798
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.23127
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Table 5.5: Estimates of a and g for Swedish data

Points
included 1870/71 1875/76 1880/81 1885/86 1890/91 1895/96 1900/01 1905/06 1910/11 1915/16

a estimates

15 to 50 -.46238 -.39820 -.31130 -.23227 -.14929 -.05934 -.05210 -.16434 -.23176 -.16033
15 to 45 -.46285 -.39843 -.31122 -.23286 -.14776 -.05758 -.05141 -.16904 -.23698 -.16267
15 to 40 -.46377 -.39884 -.31094 -.23499 -.15332 -.05657 -.04930 -.18549 -.26247 -.16957
15 to 35 -.45685 -.40161 -.30030 -.23033 -.16873 -.05398 -.03633 -.14580 -.38528 -.21971
15 to 30 -.44435 -.38083 -.35090 -.17488 -.20753 -.04407 -.01829 -.06632 -.31418 -.48914
8 estimates
15 to 50 1.11871 1.15916 1.17507 1.20326 1.25134 1.27102 1.18324 1.09061 1.18188 1.39638
15 to 45 1.11452 1.15626 1.17395 1.19961 1.25615 1.27612 1.18484 1.07745 1.16080 1.38798
15 to 40 1.10730 1.15368 1.17612 1.19196 1.23733 1.27784 1.19069 1.03881 1.07891 1.35388
15 to 35 1.12338 1.14765 1.20045 1.20264 1.20724 1.28298 1.21046 1.10021 0.89242 1.23127
IS to 30 1.14145 1.17583 1.13412 1.27235 1.15836 1.29659 1.23159 1.18743 0.95795 0.92643



Table S.5: Estimates of a and B for Swedish data

Points
included 1870/71 1875/76 1880/81 1885/86 1890/91 1895/96 1900/01 1905/06 1910/11 1915/16

o estimates

-.46238 -.39820 -.31130 -.23227 .14929 -.05934 -.05210 -.16434 -.23176 -.16033
-.46285 -.39843 -.31122 -.23286 -.14776 -.05758 -.05141 -.16904 -.23698 -.16267
.46377 -.39884 -.31094 -.23499 .15332 -.05657 -.04930 -.18549 -.26247 -.16957
-.45685 -.40161 -.30030 -.23033 -.16873 -.05398 -.03633 -.14580 -.38528 -.21971
-.44435 -.38083 -.35090 -.17488 .20753 -.04407 -.01829 -.06632 -.31418 -.48914

to
to

to
to

GGG G
g
88 && 8

8 estimates

15 to 50 1.11871 1.15916 1.17507 1.20326 1.25134 1.27102 1.18324 1.09061 1.18188 1.39638
15 to 45 1.11452 1.15626 1.17395 1.19961 1.25615 1.27612 1.18484 1.07745 1.16080 1.38798
15 to 40 1.10730 1.15368 1.17612 1.19196 1.23733 1.27784 1.19069 1.03881 1.07891 1.35388
15 to 35 1.12338 1.14765 1.20045 1.20264 1.20724 1.28298 1.21046 1.10021 0.89242 1.23127
15 to 30 1.14145 1.17583 1.13412 1.27235 1.15836 1.29659 1.23159 1.18743 0.95795 0.92643



data, indicating larger variances and higher levels of
fertility. As for the simulated data, increases iIn the
estimate of completed fertility for a particular cohort
are associated with decreases in a and/or 6, and vice
versa.

The negative values of a indicate a later pattern
of fertility than in the standard; and values of 8 greater
than 1 indicate a more peaked pattern. Over time the
Swedish pattern moves towards earlier fertility until
1900/01 after which a temporarily decreases before rising
again in 1915/16, and towards more peaked fertility,
again except for a reversal of this trend iIn 1900/01
and 1905/06. The TFirst six cohorts therefore exhibit a
transition in which the decrease in fertility at older
ages 1is very pronounced, so that the variance is reduced
and the mean is pushed back towards earlier ages. In
absolute terms, early fertility does not change appre-
ciably over this period, but its relative share increases
considerably. The reversal of this trend occurs for
the cohorts of 1900-1911 where early fertility is
decreasing and late fertility increasing, so that both
the mean and variance increase, causing d to decrease and
S to increase. The cohort of 1915/16 exhibits increasing
fertility at younger ages and decreasing fertility at
older ages, leading to both increased a and 8 estimates.
Increases in @ and 6 are thus shown to occur when fer-

tility is both declining and rising. This 1is because
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the pattern of fertility is moving in a similar direction:
for the decline the dominant reduction is at older ages,
and for the rise in fertility the dominant increase is

at younger ages. The effect on the relative proportions

by age is similar.

Native White Women in the United States

These data are drawn from Whelpton (1954, Table
A) and relate to white women who were born in the United
States of America. They are birth registration data
and are tabulated by single year birth cohorts of women,
each year being centred on 1 January. Thus, women born
between 1 July 1900 and 30 June 1901 are on average
exactly 15 years old on 1 January 1915. These are there-
fore endpoint data.

The data are not complete for any cohort, in
that datapoints 15 and 50 are not included: the data
be~i™ at age 16 and finish at age 47. The maximum amount
of information available for any cohort is therefore the
six datapoints from age 20 to age 45. This information
exists for the birth cohorts of 1899/1900 to 1904/05.

The cumulative fertility rates appear in Appendix 5.4
(Table AS_4.3).

The model was fitted to all available data-
points and to progressively fewer. The resulting esti-
mates of completed fertility and the parameters P, Q, a

and 8, along with the measure of goodness of fit, are
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shown in Appendix 5.5 (Table A5.5.3). Since actual
completed fertility is not known, estimates of cumulative
fertility at exact age 45 are used to assess the model.
Table 5.6 gives these estimates and their percentage
errors. In all cases the errors are negative and
with only one exception (1902/03) increase in size as
fewer datapoints are involved. Early fertility thus
indicates a lower level than is the case, because late
fertility is higher than expected. The size of the
errors is similar to previous results for fits to data
truncated at the same age, despite the loss of infor-
mation at age 15.

Estimates of a and 6 appear in Table 5.7;
the positive values of a and 8s of more than 1 indi-
cate an earlier and more peaked pattern of fertility than
in the standard. Within cohorts, a and 8 change in
the opposite direction to F, as for the simulated and
Swedish data. The downward trend in 8 over time is
contrary to earlier findings in that though completed
fertility is falling, the variance is increasing. It
is seen from the data that this is achieved by a greater
reduction in fertility at ages 25 to 34 than at younger
and older ages. The 1increase in a over the first four
cohorts reflects the greater proportion of fertility
achieved by age xQS (approximately 25 years), also a
result of reduced fertility at 25-34. For the final
two cohorts, early Tfertility falls sufficiently for its

proportion to be reduced as well.
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Table 5.6: Estimates of cumulative fertility at exact

age 45 for US data

Points Cohort
included 189971900 1900/01 1901702 1902/03 1903704 1904/05

20 to 45 2.60754 2.48206 2.43109 2.42810 2.39205 2.34810
20 to 40 2.59764 2.46785 2.41378 2.42935 2.37420 2.33695
20 to 35 2.55157 2.41962 2.35660 2.36475 2.32659 2.28236
Actual 2.614 2.492 2.443 2.439 2.404 2.355

Per cent error in estimate

20 to 45 -0.25 -0.40 -0.49 -0.45 -0.50 -0.29
20 to 40 -0.63 -0.97 -1.20 -0.40 -1.24 -0. 77
20 to 35 -2.39 -2.90 -3.54 -3.04 -3. 22 -3.08



Table 5.7:

Points
included

20
20
20

20
20
20

to
to

to

to
to
to

45
40

45
40
35

Estimates

of & and 3 for US data

Cohort
189971900 1900/01 1901702
a estimates

.06610 .11331 .14305
.07150 .12234 .15472
.09716 .15268 .19298
8 estimates

1.31660 1.31132 1.28663
1.32877 1.32963 1.30917
1.37352 1.37986 1.37064

TSi/TTi» %

HPS ;o

« <«

1902703

.14481
.14455
.18736

1.27405
1.28470
1.34401
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1903704

-14268
-15490
.18772

1.26447
1.28760
1.33760

1904/05

-12627
.13387
-17098

1.22886
1.24298
1.29833
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Canadian Data

These data are part of a series of Canadian
fertility rates for cohorts of women born in 1911 to
1947 (Romaniuk, unpublished). Complete data (to exact
age 49) are available for only the first six cohorts,
1911-1916, and these appear in Appendix 5.4 (Table A5.4.4)
The data are by single years of age, cumulated to exact
ages. In fitting the transformed Gompertz model, end-
point data are used.

Since the data are cumulated to exact age 49,
only the first seven datapoints were used in the fitting
procedure. Again, the model was fitted to fewer and
fewer points. The estimates of completed fertility
appear in Table 5.8. The per cent errors are based on
observed fertility at age 49, though the model assumes
that completed fertility is achieved at exact age 50.
The error involved in this discrepancy is very small,
however, since the additional births achieved during
this last year of childbearing would not exceed .001
births per woman.

The positive sign of the errors indicates that
earlier fertility points towards higher levels than are
observed. This is the same situation as that observed
for the same birth cohorts in Sweden, where overestimates
of F occur when early fertility is low in relation to

later fertility. The large size of the errors, in



Table 5.8:

Points

included
15 to 45
15 to 40
15 to 35
15 to 30

*
Actual

15 to 45
15 to 40
15 to 35
15 to 30

146

Estimates of completed fertility for Canadian

data

1911

2.74907
2.80025
2.95389
3.14122

2.720

Per

1.07
2.95
8.60
15.49

1912

2.79519
2.84312
2.98878
3.31050

2.767

cent error

1.02
2.75
8.02
19.64

Value for exact age 49

Cohort

1913

2.89908
2.94468
3.07450
3.44279

2.873

0.91
2.49
7.01
19.83

1914

2.93725
2.97726
3.09464
3.57424

2.913

in estimate

0.83
2.21
6.24
22.70

1915

2.90554
2.93891
3.01232
3.37544

2.885

0.71
1.87
4.41
17.00

1916

2.89575
2.92208
2.95201
3.25764

2.879

0.58
1.50
2.54
13.15



comparison with earlier results, and the correspondingly
poorer fits (see Appendix 5.5, Table A5.5.4) result from
this pattern of fertility. In addition, the change

from increasing to decreasing completed fertility sug-
gests the presence of some instability of the age specific
rates.

Estimates of a and 3 are shown in Table 5.9, and
indicate a later and more peaked pattern of fertility
than in the standard. Changes within cohorts are consis-
tent with earlier results in that they are opposite in
direction to changes in F. The trend in 3 over time is
one of increase, so that the variance is reduced over
time. For the first four cohorts, this is the reverse
of the US finding (of decreasing F and increasing
variance) and, like that finding, 1is not generally
expected. The Canadian result is due to the continued
reduction of fertility at ages less than 20 coupled
with iIncreases at ages 20 to 29. The trend in ot, again
the reverse of the US experience, 1is one of decrease
and then increase. This is primarily governed by the
level of fertility: as seen from the data, F(25) is
rising steadily over the period whilst completed fer-

tility rises sharply, levels somewhat and then declines.

Conclusions

The transformed Gompertz model has been shown

to produce good estimates of completed fertility, even
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comparison with earlier results, and the correspondingly
poorer fits (see Appendix 5.5, Table A5.5.4) result from
this pattern of fertility. In addition, the change

from increasing to decreasing completed fertility sug-
gests the presence of some instability of the age specific
rates.

Estimates of @ and B are shown in Table 5.9, and
indicate a later and more peaked pattern of fertility
than in the standard. Changes within cohorts are consis-
tent with earlier results in that they are opposite in
direction to changes in F. The trend in B over time is
one of increase, so that the variance is reduced over
time. For the first four cohorts, this is the reverse
of the US finding (of decreasing F and increasing
variance) and, like that finding, is not generally
expected. The Canadian result is due to the continued
reduction of fertility at ages less than 20 coupled
with iIncreases at ages 20 to 29. The trend in a, again
the reverse of the US experience, is one of decrease
and then increase. This is primarily governed by the
level of fertility: as seen from the data, F(25) is
rising steadily over the period whilst completed fer-

tility rises sharply, levels somewhat and then declines.

Conclusions

The transformed Gompertz model has been shown

to produce good estimates of completed fertility, even
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Table 5.9: Estimates of a and 8 for Canadian data
Points Cohort
included 1911 1912 1913 1914 1915 1916

a estimates

15 to 45 -.15156 -.16629 -.18700 -.17971 - .16794 -.15017
15 to 40 -.16826 -.18093 -.19944 -.19078 -.17748 -.15813
15 to 35 -.21894 -.22752 -.23807 -.22637 -.20110 -.16835
15 to 30 -.27231 -.31428 -.33349 -.34721 -.30067 -.25890

B estimates

15 to 45 1.13058 1.15071 1.17507 1.20065 1.21580 1.23052
15 to 40 1.08897 1.11149 1.13718 1.16649 1.18629 1.20693
15 to 35 1.01132 1.03633 1.07027 1.10250 1.14377 1.18765
15 to 30 0.95842 0.94868 0.96841 0.97314 1.03142 1.08241



when the data are truncated at age 30. The data used in
these tests are not typical of high fertility populations
and are thus not entirely appropriate for use with the
model . These results therefore provide a somewhat
conservative indication of the performance of the model.

The four sets of data analysed in this chapter
cover a variety of fertility patterns and trends.
Examination of the three parameters of the model 1in con-
junction has shown that for populations undergoing a
fertility transition, in that the trend in the level
changes direction, large errors may occur in the esti-
mation of F. Where fertility is declining and there is
no indication of change, the model has been shown to

perform well.



CHAPTER 6

APPLICATION OF THE MODEL TO MATERNITY HISTORY DATA

Introduct ion

This chapter describes the analysis of cohort
fertility collected in the form of maternity histories.
The fitting procedure already described in Chapter 5
is used throughout. The only necessary change is that
the “midpoint®™ values of the standard, rather than the
endpoint values, are used because the data derived from
maternity histories are average parities for five year
age groups and refer to ages approximately in the middle
of the age groups. The data analysed here are from
high fertility populations for which the standard was

developed.

Maternity History Data

The four sets of data discussed in this chapter
were all collected in retrospective surveys in the form
of maternity histories. Such data are presented as
the average number of births per woman for each five
year period before the survey for each 5 year age group
of women at the time of the survey. The lexis diagram
in Figure 6.1 illustrates the cohorts of women and exact

periods of time to which the data refer. For example,
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Figure 6.1: Lexis diagram illustrating number of births
by time period to cohorts of women

Age

Years before survey
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the cohort of women aged 30-34 at the time of the survey
entered the childbearing period (at age 10) 20 to 24
years before the survey. By exactly 20 years before
the survey these women had had b” births; during the
next five years they had a further b2 births and so on.
Dividing the b”s by the number of women in the cohort
gives the average number of births per woman for that
cohort for the relevant 5 year period before the survey.
Since only births to women who are alive at the time of
the survey are included in maternity history data, the
number of women in a cohort remains constant over time.
The use of such data in determining patterns and levels
of fertility is based on the assumption that for any
cohort of women, those who survive to the time of the
survey have the same rates of childbearing as those who
die before the survey.

For cumulative data, births are cumulated to
the end of each five year period. Hence, by exactly
10 years before the survey, when the cohort of women
aged 30-34 at the survey were aged 20-24, they had had
by ¢« b2 + bj births. Dividing by the number of women
in the cohort gives average cumulated fertility or
average parity for these women at exactly 10 years before
the survey. These data are therefore comparable to
the "midpoint"” values of the standard which are also
average parities.

In using the midpoint standard to fit the trans-

formed Gompertz model to average parity data, the assumption
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is made that the ages to which the average parities

refer are the same for the standard and observed data.
Clearly, this is not strictly true since different pat-
terns of fertility lead to different ages of average
parities, especially at very young and very old ages.

The fact that age 10-14 is omitted from the fitting
procedure and that age 45-49 is rarely used, reduces

the effect of this discrepancy, though the error involved
is small and is considered unimportant in relation to

reporting errors and biases.

Thé nature of reporting errors

There are several types of reporting errors
that may exist in maternity history data. Errors in
the reported ages of women are perhaps the most obvious,
and may be related to parity in that women with more
children than average for their age may be reported
(often by the interviewer) as older than their true age.
Such biases will distort the level and trend in fertility.
Omissions of births may also occur, especially for older
cohorts, again distorting levels and trends. In
addition, the pattern of omissions within cohorts may be
significant, leading to apparent increases in rates
over time at young ages, for example, if children who
have grown up and left the household are omitted on a

large scale.
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Other errors relate to the timing of the
reported number of births, that is the distribution of
births over the childbearing period, and it is for the
detection and correction of these errors that the trans-
formed Gompertz model has been developed. Brass (1971)
has identified two types of timing errors: the First
is errors in the size of the reference period, and the
second is errors in the location of the reference period.
Errors in the size of the reference period occur for all
women, and may involve the shortening or lengthening of
a particular period before the survey. For example,
births actually occurring O to 6 years ago might be
reported as having occurred O to 5 years ago, a leng-
thening of the period. This might be accompanied by a
shortening of the previous 5 year reference period to
6 to 9.5 years, the effect operating at both ends of
the period. Errors in the location of the reference
period occur to different extents for different cohorts
of women. There may be a general tendency for women
to push their later childbearing period further into
the past as they become older, or to bring forward early
births, again increasingly with their own age. The
combination of these two types of timing errors can be
quite complex, and is further complicated by the errors
in the ages of the women and by the pattern of omissions
discussed above. The effects on fertility may be in
similar or opposite directions and it is impossible to

identify anything but the major biases in the data.



In his model of event misplacement iIn maternity
histories, Potter (1977) assumes that early births are
moved forward in time and that intervals between events
are exaggerated, whilst recent events are correctly
reported. There 1is thus a heaping of events in the
middle of the childbearing period experienced. Potter
demonstrates that this model of event misreporting leads
to an apparent or overestimated decline in fertility.

He also produces evidence to show that such a pattern
of event misplacement occurs in data from Bangladesh and

El Salvador.

Method of Fitting

The chosen method of fitting the model to
maternity history data is the method of least squares.
The technique 1is chosen for its relative simplicity and
for its robustness in a variety of situations. Dif-
ferent sets of data present a number of possible error
structures, knowledge of which is not usually available
in advance. In the kinds of populations studied here,
it is likely that reporting errors and biases will be
of greater magnitude than random sampling errors. It
is therefore preferable that the fitting technique be
robust to such biases, rather than be based on assumptions
of randomness. The least squares method with equal

weights (that is, unweighted) is extremely robust, and
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though it may not be the optimum for any given situation,
in most cases its results will not differ appreciably from
the optimum. In addition, 1in situations where sampling
errors are the main consideration so that maximum like-
lihood estimation might be more appropriate, the least
squares estimates will not be very different from maximum
likelihood estimates if the optimum weights are not too
variable. (By choosing weights equal to the optimum
weights, the two methods are identical.) With the
presence of biases iIn the data, the ability to choose
weights afforded by the least squares technique is of

advantage.

Choice of weights

The choice of weights involved in the Tfitting
procedure depends on the way in which the data were
collected, on the form in which they are used and on
the purposes of the fitting exercise. Data for cohorts
of women collected in retrospective surveys where memory
problems occur warrant different weights than those col-
lected by registration. In the former situation, there
is a case for giving greater weight to the more recent
time period on the grounds that memory errors are of
considerably less importance for this period. In the
case of registration data, where there is no reason to

favour any time period with respect to accuracy of



reporting, equal weighting might apply. Current fer-
tility, such as births in the past year, also collected
by retrospective survey or by registration, should be
equally reliably reported at all ages so that equal
weights would be appropriate.

Cumulated rates obviously require different
weights to age specific rates. Registration data are
equivalent to age specific rates such that the equal
weights apply to these rates rather than to cumulated
rates. Where data on children ever born are collected
for cohorts of women, these cumulated values warrant the
larger weight because of their current status. Recent
age specific values might also warrant greater weight
than those for earlier periods.

The purpose of the fitting exercise might also
influence the choice of weights. The detection of
errors and graduation of the data may require extra weight
being assigned to more reliable points, as discussed
above. For extrapolation, however, it is desirable that
the point of departure be as accurate as possible, and
this might be achieved by a different set of weights.

For data obtained in maternity histories for
high fertility populations, there are advantages in using
cumulative rates. The process of cumulation tends to
iron out random sampling errors so that they become
decreasingly important with age. At the same time, any

systematic biases that exist as a result of reporting and
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timing errors are exaggerated by cumulation so that their
presence is easier to detect. Data collected retro-
spectively over as long as the entire reproductive

period as in maternity histories, are generally affected
more by bias than by random error, so that it is appro-
priate to concentrate on the bias in fitting.

For the initial fitting exercise equal weights
(with the omission of age 10-14) were used. This choice
of weights was largely preliminary and exploratory.

The procedure is well-tried and robust, giving a set

of reasonable results which, though not necessarily the
best in determining the level of fertility, provide some
guidance in the assessment of other results. It is
these results that are directly comparable with those
presented in Chapter 5.

The model was also fitted to the same sets of
data using different weights. An infinite weight was
given to the latest report for each cohort with equal
weights (w(x) * 1) at earlier ages, (except that the
10-14 age group was again omitted (w(10-14) * 0) because
of its very low fertility being subject to large errors).
This is based on the hypothesis that the reporting of
total number of births at the time of the survey is
accurate, and that only the distribution of these births
is in error. This takes no account of omissions, as
indeed the model 1is not intended to so do. It is this

latter weighting system that should be used both for
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graduation and for the prediction of the final level of
fertility. The latest reported point is the most
accurate and serves the dual purpose of providing both
a total to be distributed over past time and point of

departure for prediction.

The fitting procedure

The fitting procedure is essentially the same
as that used in Chapter 5. The “"midpoint® values of
the standard are used and there are two weighting systems
as already discussed. The initial parameter estimates
are calculated as shown in Appendix 5.2 from estimates
of the ordinary Gompertz parameters for both the standard
and the observed data. The use of the method of selected
points with the observed average parities involves an
extra approximation because the points are not strictly
equidistant. This together with the reporting errors in
the data leads to less accurate initial estimates than
those obtained for better quality endpoint data. This
is not important, however: for the results reported here

convergence has been reached without difficulty and it is

likely that the accuracy of the initial estimates 1is in

excess of that actually required.
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Bangladesh Fertility Survey Data

The Bangladesh Fertility Survey was conducted
in 1975 as part of the World Fertility Survey programme.
Data on fertility were collected by means of detailed
maternity histories for a sample of 6513 ever-married
women . These were converted to fertility rates for
all women from knowledge of the proportions of women
ever-married. Full details of the survey are given
in Bangladesh (1978).

Fertility rates as reported appear in Table
6.1. Current total fertility is about 2.0 less than
that for the preceding 5 year period, though this latter
period has reported rates above age 20 which are in
excess of any other period and are too high. Current
rates are somewhat lower than past rates, indicating
either a real decline in fertility or under-reporting.
Since the adjacent period clearly suffers from over-
reporting, the latter explanation seems at this stage
more plausible.

The transformed Gompertz model was Tfitted to
the data in the manner described in Chapter 5, using the
two weightings discussed above. Estimates of the three
parameters of the model for the cohorts aged 30 to 44 at
the survey appear in Table 6.2; (full results are given
in Appendix 6.1). The cohort aged 45-49 is obviously
badly affected by omissions (see Table 6.1) and provides

no useful information about the level of fertility.
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The transformed Gompertz model was fitted to
the data in the manner described in Chapter 5, using the
two weightings discussed above. Estimates of the three
parameters of the model for the cohorts aged 30 to 44 at
the survey appear in Table 6.2; (full results are given
in Appendix 6.1). The cohort aged 45-49 is obviously
badly affected by omissions (see Table 6.1) and provides

no useful information about the level of fertility.
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Table 6.1: Average births per woman; Bangladesh

Fertility Survey, 1975

Cohort: Period : years before survey
age at
survey 0-4 5-9 10-14 15-19 20-24 25-29 30-34
10-14 .0080
15-19 .5450 .0400
20-24 1.4430 .8445 .0565
25-29 1.4555 1.8005 .8765 .0480
30-34 1.2510 1.8005 1.6855 .8825 -0665
35-39 9240 1.6585 1.7150 1.4985 . 7965 -0430
40-44 .5370 1.2040 1.5135 1.5245 1.5405 . 7540 .0745
45-49 1735 .7310 1.1090 1.2120 1.3695 1.2400 .5895
Cumulated within period
10-14 .0080 .0400 .0565 .0480 .0665 .0430 .0745
15-19 .5530 .8845 .9330 .9305 .8630 . 7970 .6640
20-24 1.9960 2.6850 2.6185 2.4290 2.4035 2.0370
25-29 3.4515 4.4855 4.3335 3.9535 3.7730
30-34 4.7025 6.1440 5.8470 5.1655
35-39 5.6265 7.3480 6.9560
40-44 6.1635 8.0790
45-49 6.3370
Cumulated to exact years before survey

0 5 10 15 20 25 30
10-14 .0080
15-19 .5850 .0400
20-24 2.3440 .9010 .0565
25-29 4.1805 2.7250 .9245 .0480
30-34 5.6860 4.4350 2.6345 -9490 .0665
35-39 6.6355 5.7115 4.0530 2.3380 .8395 .04 30
40-44 7.1480 6.6110 5.4070 3.8935 2.3690 .8285 .0745
45-49 6.4665 6.2930 5.5620 4.4530 3.2410 1.8715 .6315

35-39

.0420

-0420

35

.0420



Table 6.2: Estimates of F, a and B; Bangladesh
Fertility Survey 1975

Cohort : Parameter estimates
age at
survey F a 6

a) equal weights

30-34 7.62113 .25539 -93396
35-39 7.79200 -12603 -90761
40-44 7.53612 -13693 -89806

b) infinite weight to last point
30-34 6.99541 -39254 1.11766
35-39 7.86493 -12325 -84406

40-44 7.66322 .15594 .73514



The cohorts aged 25-29 and younger do not provide suf-
ficient data for the estimation of the parameters.

The estimates of the level of fertility are
fairly consistent for the cohorts aged 30-34, 35-39 and
40-44, and are in broad agreement with the level of
about 7.5 arrived at by a substantial review of all
available evidence on fertility in Bangladesh during a
workshop on Bangladesh in April 1979 (U.S. National
Academy of Sciences, to be published). The a and B
estimates exhibit greater variation, but it is unlikely
that the variation iIn the pattern suggested by these
parameters is real. The a estimates imply that the
proportion of fertility achieved by age 25 (strictly,
XQS * 24.9 years) rose from 41 to 51 per cent over the
space of 5 years (cohorts aged 35-39 to 30-34) . Even
if fertility up to age 25 were to remain constant, this
would require that fertility after age 25 be reduced
by a third such that completed fertility be reduced by
20 per cent. In the event of declining fertility, how-
ever, it is also likely that early fertility would
decline; if this were the case, a implies even greater
reductions of later and completed fertility. Such
reductions in fertility are not borne out by the F esti-
mates .

The variation in the 6 estimates is equally
unlikely, implying a rapid change in the pattern of
fertility from that of a flat distribution with a large
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variance to one of a more peaked distribution with
smaller variance. Again, such a transition would
generally be accompanied by a decline in the level of
fertility, and the suggestion is not supported by the
F estimates.

The fitted values of cumulative fertility
obtained under the second set of weights are shown in
Table 6.3. The differences between observed and
fitted rates show no systematic deviation with regard
to age, indicating that the model 1is appropriate for
the data. The age specific rates in Table 6.4 indicate
the same pattern of deviation with regard to time for
the cohorts aged 35-39 and 40-44 at the survey. The
fitted values suggest that the number of births reported
to have occurred during the past 5 years is too low,
whilst the numbers in the preceding years are too high.
For both cohorts, the most serious over-reporting occurs
at ages 30-34: this represents a greater timing error
for the 40-44 cohort than for the 35-39 cohort. The
fitted age specific values for these two cohorts also
suggest that births to these women at the beginning of
childbearing have been reported as occurring closer to
the survey date. There 1is thus evidence of a shortening
of the reference period operating at both ends.

For the cohort aged 30-34 at the survey, the
opposite pattern of deviations 1is obtained, suggesting

over-reporting in the recent past (slight) and at very



Table 6.3: Observed and fitted cumulative fertility rates

Age

(10-14)*
15-19
20-24
25-29
30-34
35-39
40-44
45-49

(10-14)*
15-19
20-24
25-29
30-34
35-39
40-44
45-49

Bangladesh Fertility Survey, 1975

Cohort : age at survey

30-34 35-39
observed fitted difference observed fitted difference
CD @ a-2) (€)) (&) a-2)

(.06650) (.00739) (.05911)  (.04300) (.04856) (-.00556)
.94900  .73341 .21559 .83950  .87349  -.03399

2.63450 2.68658 -.05208 2.33800 2.48967 -.15167
4.43500 4.43926 -.00426 4.05300 4.08207 -02907
5.68600 5.68600 - 5.71150 5.47477 .23673
6.48286 6.63550 6.63550 -
6.89202 7.48446
6.98998 7.82314

Cohort: age at survey

40-44
observed fitted difference
@D @ -2
(.07450) (.15077) (--07627)
.82850 1.15633 -.32783
2.36900 2.61258 -.24358
3.893E0 3.96210 -.06860
5.40700 5.17086 -23614
6.61100 6.25206 .35894
7.14800 7.14800 -
7.58716

Age 10-14 not included in fitting procedure
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Table 6.4: Observed and fitted age specific fertility rates;
Bangladesh Fertility Survey, 1975

tohort: age at survey
30-34 35-39
Age observed fitted difference observed fitted difference
(€)) &) a-2 (€)) () 1-2)
15-19 -88250 .72602 -15648 -79650 82493 -.02843
20-24 1.68550 1.95317 -.26767 1.49850 1.61618 -.11768
25-29 1.80050 1.75268 .04782 1.71500 1.59240 -12260
30-34 1.25100 1.24674 -00426 1.65850 1.39270 -26580
35-39 .92400 1.16073 -.23673

Cohort: age at survey

40-44
Age observed fitted difference
(€)) (@) a-2)
15-19 75400 1.00556 -.25156
20-24 1.54050 1.45025 -09025
25-29 1.52450 1.34952 .17498
30-34 1.51350 1.20876 .30474
35-39 1.20400 1.08120 -12280

40-44 .53700 .89594 -.35894
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young ages with quite serious under-reporting at age 20-24.
This result seems implausible: the fitted age specific
fertility for age 20-24 of 1.95 is even higher than the
reported rate of 1.80 in the period 5-10 years ago,
already stated to be too high. Such a high rate at
this age also contradicts the level estimate of only 7.00.
Examination of the a and B estimates shows large differ-
ences from those obtained for the older cohorts, and from
those obtained for the first set of weights (equal
weighting), suggesting that the fitted pattern of fer-
tility is not good. The implausibility of such a large
variation in a and B over cohorts has already been dis-
cussed and it is likely that the cohort provides insuf-
ficient information for reliable estimation. Given
the relationship between the parameters of the model, it
is probable that these unlikely a and B estimates have
resulted in an underestimate of F. This seems to be
case, though the amount is not as serious as the pattern
parameters might suggest.

The graduated fertility rates appear in Table
6.5. Rates for cohorts aged 35-39 and 40-44 are those
obtained directly by fitting the model. The remainder
have been constructed from the fit obtained for the cohort
aged 35-39, since this is less affected by omissions than
the cohort aged 40-44. In addition, for cohorts aged
30+ there is no evidence of any significant trend in

marriage patterns which would affect the pattern of fertility:



Table 6.5:

Cohort: age
at survey

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49

TF

RPRRRP

I\l N~NOgwWwN

-04000
.54500
.52161
-63080
-44645
-16073
-89594
.33868

.04000
-58500
.10661
.73741
-18386
-34459
-24053
.57921

RPRRR

~NOoO o~ N

Period:

5-9

.04000
. 77667
.65514
.65383
-39270
.08120
-84896

years before survey

10-14

.04572
.84482
1.67853
1.59240
1.20876
1.16073

Graduated fertility rates by period;

PR

Cumulated within

-04000
-81667
.47181
-12564
.51834
-59954
.44850

.18

.04572
-89054
2.56907
4.16147
5.37023
6.53096

GWnN

15-19

.04972
.85675
.61618
.34952
-39270

period

.04972
.90647
.52265
.87217
.26487

20-24

.05044
.82493
-45025
-59240

.05044
.87537
-32562
.91802

Bangladesh Fertility Survey,

25-29

.04856
1.00556
1.61618

.04856
1.05412
2.67030

30-34

.15077
.82493

.15077
-97570

1975

35-39

.04856

.04856

891



the mean age at first marriage, for those marrying before
age 20, is 11.7, 11.7, 11.6 and 11.1 years for cohorts
aged 30-34 to 45-49 respectively, and is too low and

the change too slight to have any appreciable effect on
fertility patterns. For the cohort aged 45-49, the gra-
duated rates for the cohort aged 35-39 have been used
without modification, because the reported level is
clearly too low at 45-49. The pattern parameters obtained
for the cohort aged 30-34 were rejected as unlikely (as
discussed above). For this and the cohorts aged 25-29
and 20-24, the graduated rates were constructed using

the pattern estimates for the 35-39 cohort Cthe best
available) and the latest report of children ever born

for the appropriate cohort. For earlier cohorts, aged
less than 20, reported fertility for the cohort aged 15-19
is used.

The rates are cumulated within period in the
lower half of Table 6.5. Total fertility rates (TF) for
the two most recent five year periods were obtained by
extrapolation by means of fitting the model to these gra-
duated rates. (The results of these fits are given in
Appendix 6.2.) Taken at face value, these total fer-
tilities imply a current level of 7.64 with a fall of
about 0.5 during the last five years. The reported
decline of almost 2 births per woman during the last five
years has thus been largely attributed to reporting error.
The graduated rates at ages 30-34 and 35-39 for the periods
10-14 and 15-19 years before the survey suggest that not
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all of the reporting error may have been removed, however.
In addition, the use of the pattern parameters for cohort
35-39 in obtaining graduated rates for cohorts aged 20
to 29 is not entirely satisfactory because of the possible
later pattern of fertility due to the increases in age at
marriage for these cohorts. The mean age at first mar-
riage for those marrying before age 20 is 12.5 and 12.3
years for cohorts aged 20-24 and 25-29 respectively,
rather higher than the 11.7 years for the cohort aged
35-39. if there has been some movement towards later
fertility for these younger cohorts, the reported mean
parities should be redistributed away from the very young
ages to ages 20 to 29. This would have the effect of
increasing graduated fertility in the most recent period
in relation to the preceding period, thereby reducing
even further the reported decline in fertility over the
last five years.

Support for an adjustment of this kind comes
from the fit of the model to the graduated rates for
the two most recent periods (see Appendix 6.2). The
fitted pattern is rather flat for both periods with the
largest deviations at the ages Q.5-19 for the most recent
period, and 15-19 and 20-24 for the preceding period)
which would be most affected. In the most recent
period, an increase in the 20-24 fate (with a possible
but smaller increase at 25-29) would result in a higher

estimate of 6 with a correspondingly lower estimate of
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the 15-19 value. The slight reduction in TF resulting
from increased 6 would be offset by the increase in the
graduated cumulative rates. In the preceding period,
a decrease in the 15-19 rate accompanied by a possible
slight increase at 20-24 would also increase 6, pro-
bably to such an extent that the massive deviation at
age 15-19 would be reduced, and in any event reducing
the high estimated late fertility thereby producing, in
combination with the reduced graduated F values, a sig-
nificant reduction in TF. The overall effect would
thus be to reduce the decline in fertility over the last
five years to about 0.2, but to leave the current esti-

mated total fertility at about 7.6.

Sri Lanka Fertility Survey Data

The Sri Lanka Fertility Survey was also con-
ducted in 1975 as part of the World Fertility Survey
programme. Maternity histories were collected for a
sample of 6813 ever-married women aged 12-49. Propor-
tions ever-married were used to calculate fertility rates
for all women. Full details of the survey are given in
Sri Lanka (1978).

For the present analysis, the sample was divided
into two on the basis of education. This was to try to
gain a clearer picture of possible falls in fertility,

and is possible in Sri Lanka because the high level of
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education provides sufficient numbers in the more educated
group. The sample was divided according to level of
education attained: those receiving no formal education
or up to five years education, 61.6 per cent; and those
receiving six or more years education, 38.4 per cent.

This division of the sample causes problems in the study
of the fertility of the two groups, especially the more
educated group. Since educational level has been
increasing in Sri Lanka, the older cohorts include a
smaller proportion of more educated women than the younger
cohorts. This distorts the fertility trends of the two
groups because though some women may have attained a
higher educational level than they would have had they
been born earlier into the same social stratum, their
fertility has not changed sufficiently to put them on a
par with older educated women. In other words, changes
in fertility have not occurred as quickly as changes in
education. In addition, the small proportion of edu-
cated women iIn the older, and therefore, smaller, cohorts
creates small sample sizes of older educated women.

This 1is shown in Table 6.6.
Sri Lanka: 0-5 years education
Fertility rates as reported by women with no

education or up to 5 years education are given in Table

6.7. There is no evidence of omissions by the older



Table 6.6; Distribution of cohorts of ever-married
women by educational level; Sri Lanka

Fertility Survey, 1975

Cohort: Years of education
ggf;vg)‘; 0-5 6+ Al
n \ n % n
< 20 117 59.1 81 40.9 198
20-24 508 55.3 410 447 918
25-29 695 52.8 621 47 .2 1316
30-34 701 57.6 516 42 .4 1217
35-39 724 60.9 465 39.1 1189
40-45 702 71.6 278 28.4 980
45+ 753 7.7 242 243 995
All 4200 61.6 2613 38.4 6813
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Table 6.7: Average births per woman; Sri Lanka

Fertility Survey, 1975, 0-5 years education

Cohort: Period: years before survey

age at

survey 0-4 5-9 10-14 15-19 20-24 25-29 30-34
15-19 .0465 .0035

20-24 .5190 -1570 .0075

25-29 -9865 .7985 .2770 .0220

30-34 9970 1.3275 1.1210 .3835 .0215

35-39 .7940 1.2785 1.4675 1.1165 .4690 .0390

40-44 .3820 9200 1.3390 1.4435 1.2060 .3995 .0305
45-49 .1710 .5190 1.0770 1.3920 1.4005 1.1410 .3295

Cumulated within period

15-19 -0465 .1605 .2845 .4055 -4905 .4385 -3600

20-24 -5655 9590 1.4055 1.5220 1.6965 1.5795
25-29 1.5520 2.2865 2.8730 2.9655 3.0970

30-34 2.5490 3.5650 4.2120 4.3575

35-39 3.3430 4.4850 5.2890

40-44 3.7250 5.0040

45-49 3.8960

Cumulated to exact years before! survey

0 5 10 15 20 25 30
15-19 -0500 -0035
20-24 .6835 .1645 .0075
25-29 2.0840 1.0975 -2990 -0220
30-34 3.8505 2.8535 1.5260 -4050 .0215
35-39 5.1645 4.3705 3.0920 1.6245 -5080 -0390
40-44 5.7205 5.3385 4.4185 3.0795 1.6360 4300 .0305
45-49 6.0300 5.8590 5.3400 4.2630 2.8710 1.4705 -3295
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cohorts. The data suggest that there has been a very
rapid decrease in fertility especially at younger ages
and over the last 5 years.

Estimates of the parameters of the transformed
Gompertz model, obtained from fitting with the two sets
of weights, are shown in Table 6.8 (and full results are
shown in Appendix 6.1). Since there is no evidence of
omissions for the 45-49 cohort, results for this cohort
are also presented. There is no clear pattern in the
level estimates, nor in a and 8, and their erratic
nature suggests the presence of reporting errors in the
data. The variation between the estimates, and between
those obtained for the same cohorts but for different
sets of weights, 1is much smaller than for Bangladesh,
however, indicating that the extent of the errors in these
data is also less. The results for the cohort 30-34
are somewhat out of line with those for older cohorts
and it is likely that their accuracy is impaired by the
lack of data points.

The fitted values of cumulative fertility
obtained with the second set of weights are shown in
Table 6.9. The corresponding age specific rates are
shown in Table 6.10. The deviations between the fitted
and observed rates are far smaller than those obtained
for Bangladesh, indicating that timing errors for Sri
Lanka are less of a problem. There i1s , however, a
similar pattern in the deviations. The fitted values
for ages 35+ suggest under-reporting of births in the

last 5 years, and in the last 10 years for the cohort
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Table 6.8: Estimates of F, a and B; Sri Lanka

Fertility Survey, 1975, 0-5 years education

Cohort : Parameter estimates
age at
survey F d 8

a) equal weights

30-34 5.23391 -12439 1.00861
35-39 5.98055 .07468 .97344
40-44 5.93519 .08328 1.04474
45-49 6.07164 -.03890 1.01536

b) infinite weight to last poi:

30-34 5.01931 .14725 1.11684
35-39 6.10450 .07104 -87919
40-44 5.87777 .09940 1.02784

45-49 6.05348 -.01612 .91922
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Table 6.9: Observed and fitted cumulative fertility rates;
Sri Lanka Fertility Survey, 197S, 0-5 years

educat ion

Cohort: age at survey

30-34 35-39
Age observed fitted difference observed Tfitted difference
@D @ a-2 @D @ -2
(10-14) = (.02150) (-00080) (.02070) (-03900) (-01914) (-01986)
15-19 -40500 .28184 -12316 -50800 .55108 -.04308
20-24 1.52600 1.47785 -04815 1.62450 1.79276 -.16826
25-29 2.85350 2.80649 .04701 3.09200 3.08514 -00686
30-34 3.85050 3.85050 - 4._.37050 4.22600 -14450
35-39 4.55348 5.16450 5.16450
40-44 4.92444 5.82807
45-49 5.01431 6.07686
Cohort: age at burvey
40-44 45-49
Age observed fitted difference observed fitted difference
(€)) ) a-2) () () (1-2)
(10-14) * (.03050) (.00286) (-02764) (.00000) (.00652) (--00652)
15-19 -43000 -37790 .05210 -32950 -39098 -.06148
20-24 1.63600 1.68819 -.05219 1.47050 1.56358 -.09308
25-29 3.07950 3.13246 -.05296 2.87100 2.90527 -.03427
30-34 4.41850 4.33044 -08806 4_.26300 4.12058 -14242
35-39 5.33850 5.20491 .13359 5.34000 5.11365 -22635
40-44 5.72050 5.72050 - 5.85900 5.79230 -06670
45-49 5.86724 6.03000 6.03000 -

Age 10-14 not included in Ffitting procedure.
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Table 6.10: Observed and fitted age specific fertility

Age

15-19
20-24
25-29
30-34
35-39

Age

15-19
20-24
25-29
30-34
35-39
40-44
45-49

rates; Sri Lanka Fertility Survey, 1975,
0-5 years education

Cohort: age at survey

30-34 35-39
Observed fitted difference Observed Tfitted difference
o)) @ a-2 (€)) @ -2
.38350 .28104 .10246 .46900 .53194 -.06294
1.12100 1.19601 .07501 1.11650 1.24168 - .12518
1.32750 1.32864 -.00114 1.46750 1.29238 .17512
.99700 1.04401 -.04701 1.27850 1.14086 .13764
.79400 .93850 -.14450

Cohort : age at survey

40-44 45-49
Observed fitted difference Observed Titted difference
CD @ a-2) () (@) a-2)
-39950 .37504 .02446 .32950 .38446 -.05496
1.20600 1.31029 -.10429 1.14100 1.17260 -.03160
1.44350 1.44427 -.00077 1.40050 1.34169 .05881
1.33900 1.19798 .14102 1.39200 1.21531 .17669
.92000 .87447 .04553 1.07700 -99307 .08393
.38200 .51559 -.13359 .51900 .67865 -.15965

-17100 .23770 -.06670



aged 45-49, coupled with under-reporting at early ages,
so that there is heaping of reported births at around

age 30-34. For the cohort aged 30-34, the fitted values
suggest under-reporting in the period prior to the survey
only, so that births are pushed back to the early years
of childbearing.

The graduated fertility rates appear in Table
6.11. Rates for cohorts aged over 30 are those ob-
tained directly from fitting the model. Values for
cohorts 20-24 and 25-29 were calculated using the pattern
estimates for the 30-34 cohort and reported children
ever born at the survey. For earlier cohorts, reported
fertility for the cohort aged 15-19 is used. Extra-
polation to age 50 to obtain total fertility rates for
the two most recent periods was done by fitting the
model to these period rates. (Results of these fits
are given in Appendix 6.2.) The graduated data suggest
a current level of fertility of 4.30 and a decline in
the last 5 years of about 1.15. Previous periods, back
to 25 years before the survey, also suggest that fertility
has been steadily declining, though at a slower rate.

The reported trend in fertility has thus been reduced but
not removed by the model. This has been achieved by an
increase iIn current rates rather than by a reduction of
rates in the preceding period.

Examination of nuptiality trends shows that
some of the decline iIn fertility could be due to increased
age at marriage: the mean age at Tfirst marriage for those
marrying before age 25 is 17.9, 17.3, 16.9, 17.2 and
17.5 years for cohorts aged 25-29 to 45-49 respectively.



Table 6.11: Graduated fertility rates by period;

0-5 years education

Cohort: age

at survey 0-4 5-9

10-14 -00350

15-19 -04650 -00350
20-24 -55315 .12998
25-29 .95272 .91554
30-34 1.04401 1.32864
35-39 -93850 1.14086
40-44 .51559 .87447
45-49 .23770 .67865
10-14 .00350 .00350
15-19 -05000 .13348
20-24 -60315 1.04902
25-29 1.55587 2.37766
30-34 2.59988 3.51852
35-39 3.53838 4.39299
40-44 4.05397 5.07164

45-49 4.29167

Period:
10-14

.00037
.21513
1.19601
1.29238
1.19798
-99307

years before survey

15-19

.00061
.28104
1.24168
1.44427
1.21531

Sri

Lanka Fertility Survey,

20-24

.00080
-53194
1.31029
1.34169

Cumulated within period

.00037
.21550
1.41151
2.70389
3.90187
4.89494

-00061
.28165
1.52333
2.96760
4.18291

.00080

.53274
1.84303
3.18472

25-29

.01914
.37504
1.17260

.01914
.39418
1.56678

30-34

.00286
.38446

.00286
.38732

1975,

35-39

.00652

.00652

08T
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This trend also indicates that use of the pattern para-
meters for cohort 30-34 to graduate the fertility of
younger cohorts is slightly in error. A later, more
peaked pattern is indicated for these cohorts, the
effect of which would be to increase graduated rates in
the most recent period slightly, and possibly reduce
those in the preceding period, so that the decline in
fertility is further reduced.

The effect of such an adjustment to the cohorts
aged 20-24 and 25-29 on the fits to graduated rates in
the two most recent periods would be to reduce the
large change in the pattern of fertility suggested by
the a and 6 parameters for the two periods. The varia-
bility iIn these parameters is clearly too great (see
Appendix 6.2) and the peak iIn the recent period occurs
at the unlikely age 30-34. An increase in fertility at
ages 20-24 and 25-29 in the recent period would reduce
8 and increase a, and increase the total fertility esti-
mate (by more than the increase in early rates) because
of the higher estimated late fertility. (The apparent
contradiction here between the effect of the same adjust-
ment on the 8 values for these data and those for Bangla-
desh arises from the differing locations of the two fer-
tility distributions.) The effect of the adjustment on
rates in the period 5-9 years before the survey would be
to reduce fertility at 15-19 whilst leaving the 20-24

rate relatively unchanged. This would increase 6 and
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reduce o, and would further reduce the total fertility
estimate. Thus, the current level of fertility would
be iIncreased to at least 4.5 and the decline over the

last 5 years reduced to about 0.75.

Sri Lanka; 6+ years education

Births reported by women with six or more
years education are shown in Table 6.12. These reported
data show a marked decline in fertility over the entire
35 year period, with falls in total fertility of about
0.5 per five year period over the past 10 years to a
current level of about 3.5. The very large difference
in cohort fertility between cohorts aged 40-44 and 45-49
is probably due to the small sample sizes involved at
these ages as already discussed.

Table 6.13 shows the parameter estimates obtained
using both sets of weights. Full results appear in
Appendix 6.1. Leaving aside values for the 45-49 cohort,
the level estimates obtained with the second set of
weights show slight increases in fertility for younger
cohorts, though this trend is not present in the estimates
obtained using equal weights, and is contrary to the
reported decline. However, the uniformity of the F
estimates for the two sets of results and the modest
changes between cohorts suggest that the data are relatively

free from reporting errors. The pattern parameter

I V) L] . tT -rt? > « it
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weights show slight increases in fertility for younger
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estimates for the two sets of results and the modest
changes between cohorts suggest that the data are relatively

free from reporting errors. The pattern parameter
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Table 6.12: Average births per woman; Sri Lanka

Fertility Survey, 1975, 6* years education

Cohort: Period: years before survey

age at

survey 0-4 5-9 10-14 15-19 20-24 25-29 30-34
15-19 -0405

20-24 .4590 .0655

25-29 .8750 .4250 .0780

30-34 .9800 .9460 .5425 .0955 .0065

35-39 .7285 1.1385 1.1630 .5670 .0630

40-44 .3770 .8405 1.1310 1.0135 .5915 .0895

45-49 .0500 .5080 1.0545 1.3315 1.2855 .6635 .1425

Cumulated within period

15-19 .0405 .0655 .0780 .0955 -0695 .0895 .1425
20-24 .4995 .4905 .6205 .6625 .6610 .7530
25-29 1.3745 1.4365 1.7835 1.6760 1.9465
30-34 2.3545 2.5750 2.9145 3.0075
35-39 3.1130 3.4155 3.9690
40-44 3.4900 3.9235
45-49 3.5400
Cumulated to exact years before survey

0 5 10 15 20 25 30
15-19 .0405
20-24 .5245 .0655
25-29 1.3780 .5030 -0780
30-34 2.5705 1.5905 .6445 .1020 -0065
35-39 3.6600 2.9315 1.7930 -6300 -0630
40-44 4.0430 3.6660 2.8255 1.6945 .6810 .0895
45-49 5.0355 4.9855 4.4775 3.4230 2.0915 .8060 .1425
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Table 6.13: Estimates of F, a and 8; Sri Lanka
Fertility Survey, 1975, 6* years education

Cohort: Parameter estimation
age at
survey F a 6

a) equal weights

30-34 4_.27207 -.33033 -95477
35-39 4.10442 -.24159 1.24195
40-44 4.18861 -.26770 1.12616
45-49 5.09426 -.26842 1.13834

b) infinite weight to last point

30-34 4.28322 -.32004 -93875
35-39 4.26523 -.19372 1.06012
40-44 4.19381 -.23757 1.03856

45-49 5.04123 -.26357 1.16295
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estimates show no clear trend. The negative values of
d result from the late fertility of the more educated
women. As a result of being based on few datapoints,
the 8 value for the cohort aged 30-34 is rather too low,
especially in combination with only 25 per cent of fer-
tility achieved by age 25, and has probably resulted in
an overestimate of F. The problems associated with
selection according to education, discussed above, will
also have affected these results, and it is impossible
to assess the extent to which this selection factor has
counterbalanced a decline in fertility.

Fitted cumulative fertility obtained with the
second set of weights appears in Table 6.14. i The
deviations between observed and fitted age snégi;%?liegf%?i€§?
small in comparison to those for less educated women,
indicating that the data are relatively accurate, as is
to be expected. Even so, the pattern of deviations is
the same as that for less educated women, except for
the cohort aged 30-34, suggesting that the same type of
reporting errors occur.

Graduated rates appear in Table 6.16. For
cohorts aged over 30, rates obtained from Tfitting the
model are used. For the cohort aged 25-29, rates were
calculated using the pattern parameters obtained for the
30-34 cohort and reported children ever born at the time
of the survey. Reported rates for the 20-24 cohort are

used for cohorts aged less than 25. Total fertilities
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6+ years
35-39
fitted difference
(€3] a-2

(.00008) (- . 00008)
.09452  -.03152

.78752 -.15752
1.85216 -.05916
2.87101 .06049
3.66000 -
4.12856
4.25680

45-49

fitted difference

(€3] a-2)

(.00000) (.00000)
.05252  .08998
.77649  .02951
.12786 -.03636
.44490 -.02190
.40797  .06953
.91880  .06670

Table 6.14: Observed and fitted cumulative fertility rates;
Sri Lanka Fertility Survey, 1975,
education

Cohort: age at survey
30-34
Age Observed fitted difference Observed
CD @ -2 @

(10-14)* (.00650) (.00028) (.00622) (-00000)

15-19 -10200 -09661 -00539 -06300

20-24 -64450 .67643 -.03193 -63000

25-29 1.59050 1.59475 -.00425 1.79300

30-34 2.57050 2.57050 - 2.93150

35-39 3.43706 3.66000

40-44 4._.05029

45-49 4.26322

Cohort: age at survey
40-44
Age Observed fitted difference Observed
(€)) &) -2 (€]

(10-14)* (.00000) (-00008) (--00008) (-00000)

15-19 -08950 -08586 .00364 -14250

20-24 -68100 .72641 -.04541 -80600

25-29 1.69450 1.74265 -.04815 2.09150

30-34 2.82550 2.74699 .07851 3.42300

35-39 3.66600 3.54965 .11635 4_47750

40-44 4 .04300 4.04300 - 498550

45-49 4.18395 5.03550

Age 10-14 not included

in

fitting procedure

a b~ b wWN

.03550 -



Table 6.15:

Age

15-19
20-24
25-29
30-34
35-39

Age

15-19
20-24
25-29
30-34
35-39
40-44
45-49

rates; Sri

Observed and fitted age specific fertility
Lanka Fertility Survey, 1975,

6+ years education

Cohort:
30-34
Observed fitted
@ €3]

-09550 .09633
-54250 .57982
-94600 .91832
-98000 .97575

Cohort:
40-44
Observed fitted
(€)) )

-08950 .08578
-59150 -64055
1.01350 1.01624
1.13100 1.00434
.84050 -80266
.37700 -49335

age at survey
35-39
difference Observed fitted
@2 (€)) @

-.00083 -06300 .09444
-.03732 -56700 -69300

.02768 1.16300 1.06464

.00425 1.13850 1.01885

.72850 - 78899

age at survey

45-49
difference Observed fitted
-2 €y @)

.00372 .14250 .05252
-.04905 .66350 . 72397
-.00274 1.28550 1.35137

.12666 1.33150 1.31704

.03784 1.05450 -96307
-.11635 .50800 .51083

-05000 -11670

difference

a2

-.03144
-.12600
-09836
-11965
-.06049

difference

-2

-08998
.06047
.06587
-01446
-09143
-00283
.06670
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Table 6.15: Observed and fitted age specific fertility
rates; Sri Lanka Fertility Survey, 1975,
6+ years education

Cohort: age at survey

30-34 35-39

Age Observed Tfitted difference Observed fitted difference

cH @ a-2) @ &) 1-2)
15-19 -09550 .09633 -.00083 -06300 .09444 -.03144
20-24 .54250 57982 -.03732 -56700 .69300 -.12600
25-29 -94600 .91832 .02768 1.16300 1.06464 .09836
30-34 -98000 .97575 .00425 1.13850 1.01885 -11965
35-39 .72850 .78899 -.06049

Cohort: age at survey

40-44 45-49

Age Observed Tfitted difference Observed Tfitted difference

@D @ 1-2) () (@) 1-2)
15-19 -08950 -08578 -00372 -14250 .05252 -08998
20-24 .59150 .64055 -.04905 .66350 .72397 -.06047
25-29 1.01350 1.01624 -.00274 1.28550 1.35137 -.06587
30-34 1.13100 1.00434 -12666 1.33150 1.31704 -01446
35-39 .84050 -80266 .03784 1.05450 -96307 -09143
40-44 .37700 -49335 -.11635 -50800 -51083 -.00283

45-49 -05000 .11670 -.06670
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Sri Lanka Fertility Survey, 1975,
6+ Yrears education
Cohort : Period: years before survey
age at
survey 0-4 5-9 10-14 15-19 20-24 25-29 30-34
15-19 -06550
20-24 .45900 -06550
25-29 .79351 .50102 .08323 .00024
30-34 97575 .91832 .57982 .09633 .00028
35-39 .78899 1.01885 1.06464 .69300 .09444 .00008
40-44 .49335 .80266 1.00434 1.01624 .64055 .08578 -00008
45-49 .11670 .51083 96307 1.31704 1.35137 . 72397 .05252
Cumulated within period
15-19 .06550 .06550 .08323 .09657 .09472 .08586 .05260
20-24 52450 .56652 .66305 .78957 .73527 .80983
25-29 1.31801 1.48484 1.72769 1.80581 2.08664
30-34 2.29376 P2.50369 2.73203 3.12285
35-39 3.08275 3.30635 3.69510
40-44 3.57610 3.81718
45-49 3.69280
TF 3.72 4.07
s — - —*
\VAEV; \Ha

-1 N g « L1 A » P!



were obtained by extrapolation using the fit of the model
to the graduated period rates, the results of which are
given in Appendix 6.2. The reported decline in fer-
tility has been reduced slightly: current total fer-
tility is estimated as 3.72 with a fall of only 0.35
during the past five years. Current fertility has been
increased slightly by the model, whilst that during the
two preceding periods has been reduced. The general
trend of declining fertility reported for the past 35
years has not been changed, however.

Examination of nuptiality trends again sug-
gests that rising age at marriage 1is partly the reason
for declining fertility. The mean age at first marriage
for those marrying before 25 years is 20.3, 19.7, 20.0,
19.4 and 19.3 for cohorts aged 25-29 to 45-49 respec-
tively. Again these values indicate that a slightly
later and more peaked pattern of fertility than that
used is appropriate for the cohort aged 25-29. This
would result in an increase in current fertility and
slight decrease in the previous period, such that the
decline over the past five years would be reduced slightl
further.

Again, the fits of the model to the graduated
rates (see Appendix 6.2) are examined to determine the
total effect of such an adjustment to the graduated fer-
tility for cohort 25-29. For the most recent period,

an increase at age 25-29 would decrease 6 slightly and
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hence increase total fertility by slightly more than

the iIncrease at 25-29. For the preceding period, 6
would be increased due to a fall in the 20-24 rate, thus
further decreasing total fertility slightly. It must
be stressed that these effects would be slight, partly
because only one cohort would be adjusted and partly
because of the better quality of the data. The 4 and

8 estimates obtained for the graduated rates are already
reasonably uniform, so that there is little room for
improvement. Current fertility is thus estimated at
about 3.8 with a decline over the nast five years of

about 0.2.

"Msst New Guinea Data

In addition to the maternity history data
available from the World Fertility Survey programme,
there are other such data available for -Vest New Guinea.
These data were collected iIn 1961 and 1962 in surveys
reported by Groenewegen and van de Kaa (1964-1967). The
amalgamated data used here are for a sample of about
19,000 women. The large size of the sample is advan-
tageous because sampling errors are reduced.

Fertility rates reported iIn the surveys are
shown in Table 6.17. The data are not truncated at age
50 years and are cumulated within period to age 50-54.
The period rates show fertility to have been rising quite

rapidly over the last 15 years with an increase of almost

ly m



Table 6.17:
1961-62
Cohort : Period :
age at
survey 0-4 5-9
15-19 .168
20-24 1.356 .198
25-29 1.864 1.308
30-34 1.691 1.667
35-39 1.310 1.442
40-44 .647 1.055
45-49 .102 .453
50-54 .005 .092
55-59 -006
=~
15-19 .168 .198
20-24 1.524 1.506
25-29 3.388 3.173
30-34 5.079 4.615
35-39 6.389 5.670
40-44 7.036 6.123
45-49 7.138 6.215
50-54 7.143 6.221
Cumulated
0 5
15-19 -168
20-24 1.555 -199
25-29 3. 398 1.534
30-34 4.973 3. 282
35-39 5.967 4.657
40-44 6. 239 5.592
45-49 5.996 5.894
50-54 5.728 5.723
55-59 5.619 5.619

Average births per woman;

West New

years before survey

1.
1.
1.

10-14

.001
.226
360
576
365
-938
.432
.061
.004

15-19

.255
1.315
1.407
1.173

.741

.318

.084

Cumulated within period

to exact years before

g o g a s> wer

g g dwek

.227
.587
-163
.528
-466
-898
-959
-963

10

.001
.226
.615
.215
.537
-441
.631
.613

.255
.570
977
.150
.891
-209
-293

aa a >~ NP

15

.255
1.639
3.172
4.503
5.199
5.552

20-24

.324
1.423
.517
1.196

.795

411

[

.324
747
.264
-460
.255
-666

a g b Wk

survey
20

.324
1.765
3.330
4.458
5.234

191

Guinea,

All

.168
.555
-398
.973
-967
.239
-996
.728
.619
.625

oo oo o 0bhwk

25

.342
1.813
3.262
4.439



2 births per woman, half of which is attributed to the
last 5 years.

Estimates of the parameters of the model are
given in Table 6.18 for the cohorts aged 30 to 44.
(Full results appear in Appendix 6.1.) Older cohorts
are clearly affected by omissions, and also suffer from
truncation at early ages because the period under study
is only 25 years. The level parameters relate strictly
to exact age 50, because the model assumes zero fer-
tility after that age. The error involved is obviously
small, however, and will not affect the conclusions.
There is a trend towards higher fertility for the younger
cohorts in both sets of results. The pattern parameters
are less consistent between sets of results, though a
shows a trend towards later fertility in both. The
consistency in 8 for equal weights is not obtained for
the second weighting. The low 8 value for the cohort
aged 30-34, in conjunction with the small proportion
(about 26 per cent) of completed fertility assumed by
the model to be achieved by age 25, is rather unlikely,
and has probably affected the level estimate which is too
high.

Fitted cumulative fertility rates, obtained by
using the second set of weights, are shown in Table 6.19.
The corresponding age specific rates appear in Table 6.20.
Cohorts 30-34 and 40-44 exhibit the same pattern of

deviations found previously, suggesting that heaping occurs



Table 6.18: Estimates of F, a and B; West New Guinea

1961-62
Cohort: Parameter estimates
age at
survey F a 8
a) equal weights
30-34 7.53636 -.14610 -96523
35-39 7.17161 -.11079 -91631
40-44 6.47343 .01316 -96790
b) infinite weight to last point
30-34 8.78789 -.30626 .82267

35-39 7.05181 -.08660 .96043
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Table 6.19: Observed and fitted cumulative fertility rates ;

Age

(10-14)*
15-19
20-24
25-29
30-34
35-39
40-44
45-49

Age

(10-14)*
15-19
20-24
25-29
30-34
35-39
40-44
45-49

West New Guinea, 1961-62

Cohort: age at survey

30-34 35-39
Observed fitted difference Observed fitted difference
() @ 1-2) (€)) @ 1-2)
(.00000) (-00497) (--00497) (-00000) (-00240) (--00240)
.25500 .32422 .06922 .32400 .32623 -.00223
1.61500 1.51851 .09649 1.63900 1.61930 .01970
3.28200 3.18375 .09825 3.21500 3.24453 -.02953
4.97300 4.97300 - 4.65700 4.75000 -.09300
5.96700 5.96700 -
6.76775
7.02894

Cohort : age at survey

40-44
Observed Titted difference
() (@) a-2
(.00000) (.07696) (-.07696)
.34200 . 78464 -.44264
1.76500 1.98540 -.22040
3.17200 3.18948 -.01748
4.53700 4.31799 .21901
5.59200 5.35848 .23352
6.23900 6.23900 -
6.67562

Age 10-14 not included in fitting procedure
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Table 6.20: Observed and fitted age specific fertility
rates; West New Guinea, 1961-62

Cohort: age at survey

30-34 35-39
Age Observed fitted difference Observed fitted difference

@) @) -2) (D) @) -2)
15-19 .25500 .31925 -.06425 .32400 .32383 -.00017
20-24 1.36000 1.19429 .16571 1.31500 1.29307 .02193
25-29 1.66700 1.66524 .00176 1.57600 1.62523 -.04923
30-34 1.69100 1.78925 -.09825 1.44200 1.50547 -.06347
35-39 1.31000 1.21700 .09300
Cohort: age at survey

40-44

Age Observed fTitted difference
) @) a-2)

15-19 .34200 .70768 -.36568
20-24 1.42300 1.20076 .22224
25-29 1.40700 1.20408 .20292
30-34 1.36500 1.12851 .23649
35-39 1.05500 1.04049 .01451

40-44 .64700 .88052 -.23352
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in the middle of the childbearing period experienced.
The cohort aged 35-39 does not conform to this pattern,
though the size of the deviations is small. Rather, the
results for this cohort suggest that there is over-
reporting in the most recent period and in the period
15-19 years ago with under-reporting in the intervening
periods.

Examination of the fitted rates for the three
cohorts shows rather too much variation between cohorts.
In particular, the fit obtained for the cohort aged 40-44
is much flatter than for younger cohorts and has a very
low peak. This fit also suggests that there are very
large reporting errors in the data, though this is not
apparent from the fits for younger cohorts. It is pro-
bable that the cohort suffers from omissions, as do older
cohorts, and that differential omission rates over time
have seriously distorted the data. In addition, the
fitted rates for cohort 30-34 have a very high peak at
the late age 30-34. This 1is implausible and it seems
that the model has redistributed reported fertility in
the opposite direction to that expected from the rest of
the data, probably the result of insufficient information
provided by this cohort.

Graduated rates are shown in Table 6.21. As
for Bangladesh, the pattern parameters obtained for the
cohort aged 30-34 have been rejected as unlikely. For

this cohort and the two younger ones, therefore, graduated



Table 6.21:

Cohort:
age at
survey

15-19
20-24
25-29
30-34
35-39
40-44
45-49

15-19
20-24
25-29
30-34
35-39
40-44
45-49

TF

N

N O o A W P

Graduated fertility rates by period;

West New Guinea,

0-4

-19800
-35600
.70211
.57616
.21700
.88052
-26119

.19800
-55400
.25611
.83227
.04927
-92979
-19098

.21

Period:

5-9

.00100
-19800
1.35423
1.70152
1.50547
1.04049

N =

-80075

Cumulated

-19900
.55323
-25475
.76022

a » W P

-80071

o g b~ WP

.60146

10-14

-00100
-33915
-35378
.62523
.12851
-21700

1961-62

15-19

-00251
-33903
1.29307
1.20408
1.50547

withini period

-34015
.69393
-31916
44767
.66467

.34154
1.63461
2.83869
4.34416

years before survey

20-24

.00251
-32383
-20076
.62523

-32634
.52710
.15233

197.

25-29

.00240
.70768
1.29307

.71008
2.00315

30-34

-07696
.32623

-40319



rates have been calculated using the pattern parameters
for the cohort aged 35-39 and reported mean parity at

the survey. For the cohort aged 15-19, reported rates
are used. The fitted fertility rates for cohorts aged
35-39 and 40-44 are used directly (though it must be
recognised that the fit obtained for the latter is rather
unsatisfactory). For the oldest cohort, fitted rates
for the cohort aged 35-39 are used because of their
greater plausibility.

Total fertility estimates for the two most
recent periods were obtained by fitting the model to
these data. Results are given in Appendix 6.2. The
estimates indicate a current level of 7.2 with an increase
over the past 5 years of 0.2, and previous periods sug-
gest that the increase in fertility extends 15 years into
the past. These results suggest a very slightly higher
current level of fertility than that reported, but at the
same time suggest that the increase in fertility is only
one quarter of that reported with a rise of about 0.5
over the past 15 years.

The effect of a more peaked pattern of fertility
for cohort 40-44 can be examined by considering the fits
to the graduated rates in the same way that possible
changes due to changing nuptiality were examined for
previous data. For the most recent period, fertility at
40-44 would be reduced thereby reducing the total fertility

estimate. This would iIncrease the estimate of B, thus
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decreasing total fertility further. For the preceding
period, fertility at age 35-39 would be increased
slightly by an assumption of a more peaked pattern for
cohort 40-44, thus increasing total fertility by the

same amount. The estimate of B would be reduced as a
result of an increase in fertility at late ages such

that total fertility would be further increased. The
total effect of these adjustments would be to reduce,

if not remove, the reported fertility increase. It

must be noted, however, that the adjustments would result
in a greater difference in B for the two periods. This
is probably due to the very great errors that are known
to exist in these data, and can be regarded as indi-
cative of such unreliability. The results for these data

must thus be viewed with limited confidence.

1m t /it~ Ft i+ | \



CHAPTER 7

CONCLUSIONS

The transformed Gompertz model developed in
earlier chapters has been shown in Chapter 6 to go some
way towards correcting the errors and biases resulting
from timing errors iIn the data. The extent to which
this is true is related, not surprisingly, to the
quality of the data in that there is greater residual
error for poorer quality data. This can be seen from
the graduated rates themselves, but has also been shown
in the fits obtained for the graduated rates in the two
most recent five year periods, where the magnitude of
the differences in the pattern parameters can be used as
an indication of the plausibility of the results.

Given the quality of the data analysed, the
results obtained are generally good. It must be remem-
bered that the sample sizes of the data for Bangladesh
and Sri Lanka are not as large as would ideally be
required for their analysis. The division of the data
into cohorts and time periods results in the rapid reduc-
tion of cell sizes, especially where the population has
already been divided into groups, as in Sri Lanka on the
basis of education. Sampling errors for these data are
therefore not as negligible as might be desired in the

kind of approach used in fitting the model. Systematic
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errors, for which the approach 1is appropriate, are

also considerable in the data for Bangladesh and West
New Guinea. This type of error affects the older
cohorts more than the younger cohorts, and is rendered
all the more iImportant by the fact that the analysis Iis
based largely on older cohorts because of the small
number of datapoints available for the more accurate
younger cohorts.

The experience gained from these results would
suggest that the model in conjunction with the fitting
procedure adopted is not rigid enough to stand up to
massive errors in the data. This is particularly
noticeable where there are serious omissions at differ-
ential rates over time which confound the problem of
misreporting .

Possible improvements in the method of fitting
centre around the pattern parameters of the model.

Some of the Tfertility patterns implied by the fitted o,

B combinations are clearly implausible and differ con-
siderably from patterns for adjacent cohorts. This
occurs more often for poorer quality data where the

timing errors lead to implausible patterns whilst the
estimated level is largely unaffected. This relative
stability of the level parameter arises from the compen-
satory effect of a which in response to wildly deviating
values of 6 (from B - 1), serves to moderate F. Improve-

ments might thus be best concerned with the moderation
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of either a4 or 8, or even of both simultaneously.

The most stringent restriction on 6 would be
to hold 6 constant at a value 8 = 1, thereby reducing
the number of parameters to two and imposing the same
pace of fertility as that in the standard. A slightly
less stringent restriction might be to hold 8 constant
at a value more appropriate for the data, possibly by
choosing a 6 value from those obtained by the methods
used in Chapter 6. For populations where 8 is clearly
not constant, more flexibility could be achieved by
allowing a linear trend in 8 over time. This would
accommodate changing patterns of fertility whilst avoiding
the erratic changes in 8 that may accompany them.
Further flexibility would be afforded by merely constraining
8 to a bounded interval. Generally an interval of about
0.2 within the range 0.8 to 1.2 might be appropriate, but
more specific intervals for particular populations might
be envisaged.

Parallel restrictions to those discussed for 8

might be imposed on a. The most stringent is a - O,
implying the same proportion, e of fertility achieved
by age 25 as in the standard. More appropriate fixed

values of a4 might be obtained as for 8 by choosing from
those obtained by the methods used in Chapter 6. Alter-
natively, since a is more easily interpretable in demo-
graphic terms, it might be possible to estimate P, the

proportion of fertility achieved by age 25, from the data.



Again, linear trends in da (or in P) might be introduced
to allow for changing fertility patterns, and further
flexibility might be gained by generally allowing a to
vary by about 0.1 within the range -0.25 to +0.25, though
more specific intervals would be required for some
populations.

Perhaps the most obvious and rewarding improve-
ment in the fitting procedure would be the use of single
year values. As long as sample sizes are large, these
would afford much greater precision than do five year
age groups, and would also extend Tfitting to much younger
cohorts, thereby utilising the more accurate reports of
younger women and avoiding the need to assume patterns
of fertility for these women. The results have shown
that even the cohort aged 30-34 does not provide suffi-
cient information for the reliable estimation of the
parameters, and iFf omissions are serious the results for
the oldest cohorts are also impaired.

The problem of omissions as such, in that mean
parities at the time of the survey are under-reported,
is not dealt with by the model. However, after gra-
duation the problem still remains and affects the period
rates and the estimated total fertilities. It might be
desirable to inflate the level of fertility for cohorts
affected by omissions, possibly by using the model to
fit to reported mean parities up to age 35. Before
such an exercise would be of value, however, improved

methods of fitting are required because of the sensitivity



at present to possible changes in fertility incorporated
into period rates, as 1is evident from the fits obtained
to the graduated period rates.

With the advent of improved fitting procedures,
some of the approximations involved might also be re-
examined. In particular, the need for the assumption
that ages at mean parities are the same as those in the
standard might be avoided by taking account of these age
differences, based as they are on a and 8, in the fitting
procedure by using the value of the standard at the exact
ages of the reported mean parities.

All of these suggestions for improvements in
the fitting technique point to the need for a great deal
more suitable data. Until such data are available,
and more experience can be gained on which to base judge-
ments, the optimum method of fitting the model must

remain undeterminable.
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f(X) = F(xX) InA v InB

F InA InB Bx-x° AB A2.1.1

The mode of age specific fertility occurs at the age,

X , at which f(X) iIs a maximum, that is when

dCCx) = o and <0

Now

d™x) » ~ F InA InB Bx-x° A® ©

F InA InB [InB Bx-x° A® X°

Bx_x° InA InB Bx*x° A® X°]

= F InA InB [INB Bx_x° A® X° (1 ¢ InA Bx_x°))

A2.1.2
Since 0 < A, B< 1 and F > 0, the sign of df(x)/dx is
determined by (and is the opposite of) the sign of
@ + InA Bx-x°), and at the maximum 1 + In A.BXm x° m O.
Hence

INA_.BXm_x° - InA® m ° - -1

BXm_xo0 -1

and A me A2.1.3

Proof that this is a maximum (rather than a minimum) is

given below by showing that de(x)/dx2 < 0. Differentialing
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equation A2.1.2 gives

d2fIx) = F InA_InB_InB[ (ArX X° InB_.BX-x° +

dxz
Bx_xo InA.InB_Bx-x° A®X X°) (1 + InA_Bx-x°)
¢ A®X X° Bx_x° (InA_InB.Bx"x°) ]

= F InA(INB)3 Bx-x° A®* X° [(1 & INA.Bx-x°)2 * InA_BX X0

The sign of this whole expression is the same as the sign

of the part in square brackets. Noting that InA.Bx x°
Bx-x0

* InA and using the result in A2.1.3 for x “ xm

shows that this 1is negative. Hence f(xm) is the maximum

and Xy is the modal age.

Result A2.1.3 thus means that by the age of
maximum Ffertility, e~* or .368 of total fertility has
been achieved, irrespective of the parameter values, A

and B.

Using this result, the modal value of fCx) can

be derived. From equation A2.1.1,x
F(xm) - F.InA.InB.BXm Xo ARXM"X0

- F InA.InB.Bxm“x0o e _1

Again noting that InA.BXm”x° m -1, gives
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f(x ) = -F.InB.e A2.1.4

The maximum rate of age specific fertility is thus shown
to be independent of the location parameter A.

The age of maximum fertility, X » in relation
to the origin, xq, is derived from equation A2.1.3.

Taking double logarithms gives

In(-InA) + (xm-xQ) InB = C-lne-1) =0

-In(-InA)
s - A2.1.5

It is seen from A2.1.5 that if

-In C-1nA)

—THE-—- O

which implies that -In(-InA) < 0 and A < e Similarly,
Xp < X |mPI|es A > e"l, and X~ Xp |mplles A - e-1.
The size of the parameter A relative to e * thus indicates
the position of the modal age in relation to the origin,
as expected from its definition. The exact distance of

the mode from the origin depends on both A and B.
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APPENDIX 2.2

THE RELATIONSHIP BETWEEN THE GOMPERTZ PARAMETER, B,
AND THE VARIANCE OF THE FIRST DERIVATIVE OF THE
GOMPERTZ FUNCTION

The Gompertz function is described in Chapter 2,
and its first derivative is given in Appendix 2.1. of
the three parameters describing these functions F, A
and B), it is shown here (following Murphy and Nagnur,
1972) that B is related to the variance of the first deri-

vative, F(xX) where

f(X) -d™»x) = F InA_InB.Bx_x° AfiX X°

The effect of changing B, for fixed values of A and F, is
shown in Figure A 2.2.1. As B decreases, the distri-
bution becomes more concentrated around its mode. (The
fact that the mode moves slightly as B changes for fixed

A is shown in Appendix 2.1.) Algebraically, this effect
is shown by taking the partial derivative of f(X) with

respect to B:

- - F InA (InBArX X°_.Bx"x°)

- F INA[ARX X° Bx"x° g ¢ InB.|g(ABX X°.BX-X°)]
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Bx—xO X=X
where 99 A -Bx_xo0 = Bx"x°.InA(x-x0)AB Bx_xo_1

+ A®X X° Cx-x0)Bx_x°"1

Hence

5X—XT
F.InA[ABX X°.Bx-x°_1 + InB(ABA "°(x-x0):

(1 + InNA.Bx-x0)) 1]

X—X
F.InA AB °.BX-X°'1 [1 & InB(x-xQ) (@ + InA_Bx_x°)]

A 2.2.1
A change in B thus results in a change in f(x) equal to
the expression in A2.2.1. The sign of the change in

f(X) 1is determined by the expression in square brackets:

z(x,B) =1 ¢ InB(x-x0)(1 ¢ InA. Bx~x°) A2.2.2

which 1is dependent on x, A and B. Since the sign of the
remaining terms in equation A2.2.1 is negative, a positive
(negative) change in f(x) occurs when z(x,B) is negative
(positive).

At the origin, when x » xQ, z(x,B) - 1. Thus
a positive change in B causes fT(X) to decrease at the
origin. Noting that InA.Bx-x° * InF(x)/F in equation

A2.2.2, 1t is seen that

* |

idin hi
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as x + InNF(x)/F % = and z(x,B) *» —-@

and as x *® InNF(x)/F » 0 and z(x,B) -

Hence at the tails a positive change in B results in a
positive change in f(X). Since (°® < XD < » an increase
in B is shown to result in an increase in f(x) in the
tails, accompanied by a decrease in f(xX) towards the
middle of the age range. In other words, B is asso-
ciated with the variance of f(X). In practical terms,

X ranges from 10 to 50 years, with F(x)/F * 0 at 10

and 1 at 50, and hence 10 < xQ < 50.
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APPENDIX 2.3

THE EFFECT OF A CHANGE IN THE ORIGIN OF THE STANDARD
ON THE TRANSFORMED GOMPERTZ MODEL

The origin of the standard in the transformed
Gompertz model is defined as the point at which YgCx) = O.
This age is denoted xQS in the natural age scale and
Fs(xos) * e”*. A change in xQS does not change the
value of F_(x,); instead the shape of F_(X) changes so
that Fs(*os) * e-1 and Ys(xgs) = 0 are always true.

From Figure 2.1 in Chapter 2 it is seen that a
change in the origin, the point at which Yg(®) * O,
is equivalent to a vertical movement of the Y-curve.
This does not change the shape of the Y-curve in any way,
but merely changes its location along the Y-axis so that
at each age the difference between the new (location)
standard, Y ), and the original, Y_(x), is a fixed

constant, d:

Yn® -Ys( -d A2.3.1

For positive (negative) d, the Y-curve 1is moved upwards
(downwards) and the new origin is less (greater) than

Xos - The actual difference in age between the new and
original origins depends on both d and xQS for any given

Y pattern.



Even though the pattern of transformed fer-
tility remains the same, a change in the origin leads
to a change in the pattern of cumulative fertility.
From equation A2.3.1

_e-Yn(X® _e-Ys(X)-d
Fn &)

= [Fs()]e

In other words, the additive constant in the transformed
scale becomes a constant power applied to Fg(X) so that
its effect depends on the size of Fs(X). The changed
origin thus implies the use of a new standard, which in
turn implies that the model be respecified with new
parameters. Replacing Ys(X) in the original model by its

equivalent from equation A2.3.1 gives

YX) - a+ B(Yn(®x - d)

- a - Bd ¢ BYN®)

As expected, a change in the origin of the standard
affects the location parameter, a, but leaves B unchanged.
In terms of cumulative fertility, the respecified model

1S

-a*Bd-BYn (X)
FCO - Fee



_e-ocebd -BYnCx)
F(xX) =e

- F(P<Fd)QY" (10

P is therefore replaced by P~" = PQH in the model, and
it is P* that is the proportion of observed fertility
achieved by the origin of the new standard. Q is not
affected by changes in the origin.

The effect of a change iIn the origin can be

seen in Figures 2.2 to 2.5. If it is assumed that the

new standard is the solid line, diagram 2 shows the

case when d < 0 and the new origin is greater than xQS,

and diagram 3 shows d > 0 and the new origin less than

X_ .

215
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APPENDIX 2.4

THE RELATIONSHIP BETWEEN THE TRANSFORMED GOMPERTZ

PARAMETER, Q, AND THE RELATIVE VARIANCES OF OBSERVED

AND STANDARD AGE SPECIFIC FERTILITY

The relationship between Q and the relative
variances of observed and standard age specific fertility
has been shown graphically in Chapter 2. This relation-
ship is shown algebraically in this appendix.
Age specific fertility, f(x), is represented
in the transformed Gompertz model by

dF() . d pQYs(X)
dx 37 P

Y
F InP InQ PS SO Q*sucg) ys X A2.4.1

where yg(x) = YgO) © Inv

where v & -InFs(X) and ~ xy FgX)

Hence ys (X) -.In~-F5&1 * FMIXT* fs(X)
f,(x)

" Fs (xF.InFs (X))

and therefore equation A2.4.1 becomes
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-F fs )
f(x) = FgTX)TIn'FS(x)

The effect of a change in Q is shown by taking the partial

derivative of f(X) with respect to Q:

3f(x) = ~F fs(¥)
8Q-——— Fs () InFs(X)
-F fsX)

FsOJ InFgQJd

[1 +Ys(G) InQCl + InP.QYs ()] A2.4.3

opposite of the sign
of the expression in square brackets in A2.4.3, that is

the sign of

z(x,Q) -1 « YgOO INnQCI + INnP.QYs(X)) A2.4.4

which is dependent on P, Q and Ys(X). The sign of z(x,Q)
is determined by the relative sizes of InP and Q and on
whether Ys(X) S O. IT YOO - 0, z(X,Q) - 1 indicating
a negative change in f(x). Since, by definition, the
origin occurs in the interval 10 < xQS < 50, this means
that f(X) decreases iIn at least part of this age range

when Q increases. When Yg(X) tends to its limits at 10
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and 50, z(X,Q) 1is negative such that f(xX) increases:

as X w10, z(x,Q) m» -

as x @50, z(x,Q) =<

Hence at the limits of the childbearing range an increase
in Q results in an increase iIin f(X). These results
indicate that as Q increases, the f(X) curve is flattened
at the origin of the standard and increased in the tails:
as Q is increased (decreased) the variance of observed
age specific fertility is increased (decreased). Since
the variance of standard age specific fertility is fixed,
and since f(xX) is a function of fg(x), Q can also be
regarded as relating to the relative variances of
observed and standard age specific fertility in that as
Q increases (decreases), the observed variance increases
(decreases) relative to the standard variance. Equality
of the two variances cannot be determined from the Q
parameter alone. Only if P *e 1 and Q m e 1 are the
distributions identical, and hence the variances equal,
though various combinations of P and Q could, of course,

produce the same value of the variance numerically.



APPENDIX 3.1

THE ESTIMATION OF THE PARAMETERS aQ, k and m
FROM OBSERVED DATA

A. Estimation of aQ and k from nuptiality data

The estimation of the nuptiality parameters,
aQ and k, is done from knowledge of the Tfirst marriage
distribution. The method is that of Coale (1971), and
involves fitting a standard schedule, described by the
function G(x) (see Chapter 3), to actual nuptiality data.

Let P~ denote the proportions ever married by
5 year age group i, where i * 1 for the first age group
in which marriage occurs. Thus if marriage begins at
an age between 10 and 15, P~ refers to the age group
10-14; if, however, first marriage does not begin until
after 15 years (but before 20), PjJ refers to the age
group 15-19. Two sets of ratios, one of which can
usually be calculated from the observed data, are pro-
posed by Coale as a basis for estimating aQ and k.

The first set is Rj, R2 and Rj where

that is the ratio of the proportions ever married in the

ith age group to the next. (In calculating R®, the
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proportions ever married at the midpoints of age groups
are used.) Any particular value of (a =1,2,3) can
occur by different combinations of aQ and k, but a pair
of ratios (R and R2, or R2 and R3) can occur only by
one (aQ,k) combination. Determination of such a combi-
nation is done by locating R and R*+1 (where i =1 or 2)
in Table 1A in Coale (1971), inter-
polating between rows to obtain k, and between columns
to obtain a . In fact, a -a., where a. is the begin-
ning age of the first age group in which marriage occurs,
is the quantity obtained by interpolation. _IT this
were done  for both pairs of ratios(R*® and R2, and R2 and
Rj), the estimates obtained for aQand k would not be
the same unless the observed nuptiality schedule were a
perfect fit to a standard schedule (with parameters equal
to the estimates obtained). Since this is unlikely to
occur in practice, a method of choosing between the two
sets of estimates is required. Coale recommends using
Rj and R2 if * > (@ - R3),and R2and R3 iFR] < (@ - R3).
The second set of ratioswhich can be used to
estimate values of aQ and k, is RAj, RA2 and RA3, calcu-
lated in the same way as R except that endpoint data are
used rather than midpoints.
Endpoint data are the same as the average pro-
portions ever married except for a factor of 5, which
cancels out in the ratios. Hence if now refers to

proportions ever married by the end of the ith 5 year age
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group, and denotes average proportions Tfirst married

during the ith age group, then

and RA. =" — for 1 =1, 2, 3

Values of RAN and RA2 or of RA™ and RAj (the choice of
which is determined in the same way as for pairs of RY)
are located in Table 2A in Coale (1971), thus arriving
at estimates of a, and k.

By way of an example, consider the following
data on proportions of females currently married (which
can be approximated to proportions ever married) in

Ceylon, 1946 (from Lesthaeghe, 1971, Appendix):

age 10-14 15-19 20-24 25-29
Pi .007 .259 .685 .845
The ratios Rj, R2 and R? are .027, .378 and .811 respec-
tively. Since Rj <1 - R3, R2 and Rp3 4, Used to deter-
mine af and k from Table 1A. A value of R2 - .378

is obtainable for aQ m 3.5, k “ .543, the corresponding

value of R3 being .839. A second value is obtained for

a, - 3.0,, k - .632 with Rj - .810. Interpolation to
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obtain the correct value of R,, gives aQ = 3.02 and
k = .629. Since marriage begins in the age group 10-14,
a = 10 years and the final nuptiality parameter esti-

mates are aQ * 13.02 years, k = .629.
B. Estimation of m from marital fertility data

The degree of voluntary birth control m, in
a population is estimated from the observed marital
fertility schedule, r(x), using the basic equation

m

n A3.1.1
where x is age, n(x) is natural fertility, v(X) is a
standard pattern of birth control and M is a scale fac-

tor equating r(xX) to n(x) for some chosen value of x.

Rearranging equation A3.1.1 gives

ART~bo0O - v(x) A3.1.2
Values of n(xX) and v(xX) appear in Table 3.1 in Chapter 3
and are reproduced in the example below; and M is chosen
to equate r(20-24) with n(20-24) since 20-24 is the last
age group before voluntary control begins. Using
equation A3.1.2, values of m can be obtained for age groups
25-29 to the last age group for which data are available.
IT the pattern of control in the observed population were
identical to the standard pattern, the value of m would

be the same at all ages. Such uniformity is rarely
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attained: however, the average value of m serves as a
convenient summary measure of the extent of voluntary
control, and the variance serves as a measure of the
goodness of fit.

As an example, values of m for the Swedish cohort

aged 25-29 in 1896-1900 (from Knodel, 1977) are calcu-

below. The data are as follows:
age 20-24 25-29 30-34 35-39 40-44 45-49
r(x) .456 .369 .283 .205 .094 .010
n(x) .4597  .4309 3946 .3223 .1671 .0237
v(x) 0.000 -.279 -.677 -1.042 -1.414 -1.671

M= GG - fEy oo,

The value of m for age 25-29 is thus

In( (. 99195) (2430gT) = 0-279

In(.86330)/-0.279
~0.14700/-0.279
0.527

Similar calculations for ages 30-34 to 45-49 result in

a series of m values:
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age 25-29 30-34 35-39 40-44 45-49
m 0.53 0.48 0.43 0.40 0.52

with a mean of 0.47 and variance of 0.0032.

The above method of estimating m has been used
by Knodel (1977) and is used in Chapter 4 to compare the
simulated data, developed in that chapter, with Knodel®s
work. The method suffers from its dependence on only
one age group (20-24) to calculate M, which affects the
values of m. More recently, Coale and Trussell (1978)
have presented a method of estimating M and m simul-
taneously using all reliable data points. Taking

logarithms of equation A3.1.1 gives
In(r(xX)/n(x)) * InM + m v(x)

which 1is linear in v(x) and can be solved by ordinary

least squares.

Simultaneous estimation of nuptiality and birth
control parameters involves Tfitting observed age specific
fertility to the Coale-Trussell model schedules. This
can be done crudely by choosing the schedule from the

published set (Coale and Trussell, 1974) that most closely



resembles the pattern of observed fertility. The
fitting procedure can be much improved, however, by
use of an iterative minimisation procedure facilitated
by the use of a computer. Such a method is outlined
below.

The minimisation program MINUIT (James and
Roos, 1971) is used to minimise the sum of squares of
the differences between the observed and fitted age
specific fertility schedules. The fitted schedule is
calculated from the parameters, aQ, k and m. An initial
set of parameters is provided by the user, and subsequent
changes in parameter values are determined by MINUIT
according to the size of the deviations of the fitted
values from the observed. By way of an example, esti-
mates of aQ, k and m for the standard fertility schedule
are derived. The complete program and output are repro-

duced below.
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APPENDIX 3.2

MODIFICATIONS TO THE COALE-TRUSSELL MODEL COMPUTER PROGRAM

The computer program used to generate the Coale-
Trussell set of model fertility schedules is reproduced
in Appendix A of Coale and Trussell (1974). A modified
version was available at the start of this project and was
further modified as described below.

The only modification of significance is the
extension of the model to ages 10 to 12.5. This involved
the expansion of arrays and the provision of values of
natural Tfertility at these early ages. These values were
n(10.5) - .005 and n(11.5) » .100, determined to maintain
a smooth n(x) curve. Since these values are small, and
since the numbers married at these young ages are small,
quite large relative deviations from the chosen values
produce very little effect on fertility.

Other modifications pertain only to the form

of output. The program is reproduced below.
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PROGRA“ REGsSUAPEI . INPUT.OUTPLT *TARE7)

DI**tt.iluK FS<S>
UI"ENS 10N JrS(o)
CO“"ON NQUN*NU“*IPR INT

PRINT Cb
96 FO"M»TtIHI>
mEAD 100.NRUN
100 FGRMATU3)
NUM=0
IF IpPINT=0 NO PRINTING
IF IPfMMt«l PfIIhT1NG
IPPINTsSO
1 CONTINLE
IF(NUM.tC.NAUN) GO TO 5
«fcAO 99 « AGt. tPAKM | N, PAKMAA «PAKIKT*DEGPIN*0OEGMAXtOtGINT
99 FOPMAT(FS.1*6F5«2 )

CALL tFSKEU(AGE*PAX,Dc.& EMU*SIG*RPO*SKU*PARO*PARI.PAR2,FS>
PLOOP=0.0
3 COnUNLE
KA”Ns AAKHIN.PAK INT*PLCOP
IF (PAK.GT.PAMoax | GO TO 1
Smam=agE*11.37*PAK

CALL NLPSET(AGE»PAK .DEG*EMU+SIG*BpO +S*U*PABO*PAR1*PAR2*F5)
DLOOP=0.0
A CONTINUE
UEG*DtCAIN*LIEGINT *I'LOOP
IF (OEG.GT .OEC-MAX > GO 10 2

call FERTIL (AGE . HAx >OLG*EhG.SIG»HmO.Sxu.pabo.PA»1 ,PAR2,FS>

INCLUDE mere CARDS TO RESTRICT AREA OF INTtPEST
NUM*NUM*1

RESTRICT PRINTING mere IF IPRINT»0
IFIIPRINT) 200*200*201
201  CONTINUE
PRINT Cl» AUF «Emu.oaro.RNO.pax.SIG* PARI . SMAM. OE&+SKU+PAR2
96 FORMAI(////1hO.AAI»t*» FA.I«<6A.*MEAN»*.FS.2*6A«*P0/PI** Fb.A.SX.
1 t RhC*».F6.2/
2 1H ,t K** F5.2 AX.* SO**»FS.2.5X»*P1/P2”*»F6.A.6a
2 /In ,» M*» FS.2.AX.XSKER«A*F6.3.AX.FP2/P3*X.F6.A)
200 CONTINUE
JAGE* AGE+ | 0
jJPAX*PAX*10
JUEG*DEG*10
JtPU*t“u*100*0.S
JS1G-.S11.«100*%0 .S
JSPU*GXU* 1000*0.5
iPSU)*FARO*ICCO0*0.5
jPAB 1*FAR1«10000*0.6
JPAR2*PaR2*10000*0#6
jBmO*BNU*1000*0.5
JbMAM*SMAH* 100 =0 .6
UO 301 1*1*0
jFS (1>«FSU »+ | 00OUO*0.S

.*Smam=».F5.2

aRl It 1T*300t JAGE sJPAK.JUt'i.JLMU*JSIGtisKuUu* JPAHU* JPARL *JPAR2 »
1 JPNO. JSMAAe <JF'ST1)el1 1%*2

)
300 FORRAT(13*212**1**2%%|a*213*31A*I3*|A*|A*815>
CALL CTFERT If S*Ai»F .PAK.DEG)

10 CUNfINOE

ui.oop*n ocp»l.o
uo TO A

2 CONTIMLt
ALOOP*FLOOP+ 1 *0
uo TO 3

S ij\g)»
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SUBROUTINE EF SkET (ACE.RATL «Dt C =t - *SI G*R*-C« Sku *RARO . Pari .PARZ.F5)

DIMENSION AAFAUG)« FNAT (€0)+ CER<*0>* zCU(*0l)
01MENS ION C <*).F5 (3)

DIMENSION AVEm(hO>
COMMON NRUN.NUM*IRRInT

DATA MINUS / 0 /

OATA FNAT / .00S* .100. .17b* 22S* =27s* .325* .37b* e*2]1 e «*60 =
*@#7S* e* 7 [e o*x¢75%  *70* FHfIZ« @**GO* [ *56* e**Q, | k*xD*x
**3be #*2b. «*20* .*10* .*00* =38'*e .37"* «360* e3*3«
«325* .30b* ecdC* .2*7* .20 7* <167. .120* =067* eosb»
«03b* .021* eol 1* .003 /

UATA DEP / 10*<0.0Je .00* « .03* .06* .10* .15* .20» =2S. .31« .37»
e**e . 62. e60* ebb* .76* e03* 90* .97 * 1.0** 1.7j,
1.16* 1.25t 1.32* 1.39* 1e*6* 1.S3* 1.59* 1.6** 1.67.
le09* 1*70 /

tb ﬂ'?\/i’i" f.’T‘O 0) GO TO 20
DER(M) » -UER(M)

CONTINUE
MINUS » 1

MARACO * IF IA (AGF = 10.0 - 99.0)
DO 22 M * 1t MARAOE

2CoCM) * 0.0

CONTINUE

RETURN

ENTRY KURSE!

A 3 0.0
ZL s MITCH «X«RATE)
NEXT » MANAGE + 1

00 21 P * NEXT* *01

X 3 FLCAT(m) / 10.0 - AGE + 9.9
ZU « MCP (AERATE)

1WAP s (ZU « ZL) / 20.0

ZEO «M) * TRAP + ZEO(M-1)

zZL zZU

CONTLNUL

DO 2* M « 1**0
AVEM(M)«0.0

UoO 2b MUM * 1*10

N « (M - 1) « 10 + MUM
AVEMCM)«AVEM (M)t (ZEU«NI + ZEO«Nt 1>)/20 0
CONTINUE

CONTINUE

RETURN

ENTRY FERTI«.

HAFIS « 0.0

U0 2* m*1t*0 N
ASFRIm)*AVtM (M) FNAT«M) = EXPIUCG * UER(M))
BA4S * UAUS ¢ ASFR(M)

CONTINUTt



26

Jo1i

27

30

300

202
201

«01

200

«00

SUM »
SSCj =
A =S

Soo
oo

uo 26 VvV =
ASFfc(M) =
A« A o1
bumM =
$S€ =

SUM <
SS@ = A
CONTINUE

ASFR(H)

IF(|PMINT>
CONTINUE
t«U * SUR
VAR = SbO -
sio

JP0.30U.301

SOR =
* SORTIVA«)

SOM - 1.0 / 12.0

TOP * 0.0

Uo 27 H = 6.10

TOP * TOP =« ASFBIN)
CONTINUE

oOT * 0.

DO 26 » : 11.1S
00T = HOT e ASFRIN)
CONTINUE

RMO * TOP / BOT

0.
9.

wn o

0O 30 1*1.90

*A.1.0
2*2.(A-tMUI««3>ASFMI)
CONTINUE.

SKU*2/S10**]

>c>N

CONTINUE.
U0 201 J*1.»
FB1J)*0.0

L*S* (3-11

U0 202 K*1.S
FB<J)*Fb< J> «<ASFR(U*K)
CONTINUE.
CONTINUE
IFITHRINT)

CONTINUE

«CO.r00.n0I

UU 200 J*I>«

U*S<MJ-1>

U<JI*(«.b*AaF»(U»l) » 3.b*AaFH(U»2l
| ¢ 0.S*ASFP(U»611/S.0

CONTINUE

ul*oll

02*0 12) >S.0*F S11)

UJ*01J) «B.O* (Fbtl).FS12D

0c¢*0(«lcs.u' TFBt1)-FbT2) FBC3>)

hA«0*01/02

PAWI*02/03

MAW2«03/0«

cor.TINUt

«UT UHN

EMO

.b*ASFR(UO>

+
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[eXe]

0o

oo

Z0

Z1

zz

Jz

30

sO

SUSROUT INE CTFEPT (FS, AGE =PATE . DEG>

CALCULATE LNI-LNI

CO"'*0S NRUN.NUM.IPRINT

DI“£NS)ON >3I

s) «AGES««)

DIMENSION FF (S)*Y(b)*D(7)
UI*ENSION DOCS).rr<7)

DAI't AGES/*i0-1a»e**1S-19* . «Z0-ZA*

ZFAS-A9*/

VALUES ANO DIFFERENCE

.»Zb-i»* [ *30-3a*»*JS-39* e*a0O-a<.*.

CASE WPERE FIRST AGE 6POUP nAS ZERO FERTILITY

F1»FS U )
IF(FI.GT.0.0)
FF «1>=0.0
YU) «99.99999
GO TO A
CONTINUE

GO TO ZzOo

CASE WPtRt FIRST AGE GPOUP NAS POSITIVE FERTILITY

FFU)«FSI1)

r(1)»ALOG(ALOGIFFU))M-1.0>)

CONTINLL

ZND TO 7TN AGE GROUPS

Uo 5 I1*Z #T
FF(I)«FF (1*1>
y u )»alog (alo
CONTINUE

*FSU>
gcffun*(-i.on

CASE «FERE CUMULATEC FERTILITY >
FF 18) «f F (/) *FS (0)

Fb«FF IP)
IFIFb.I T.1.0)

GO TO Z1

rlIHI»-99.99999

GO TO zz
CONTINUE

r 19 ) »Al.OG <ALOGCFF <*>)»(-1.0)>

CONTINUE

IF(FI1.FO.0.0)

1.0

CALCULATE differences in Y VALUES.

Go (0 3z

0il LAY U )-Y(2)

GO TO 30
CONTINUE

Dili «'>9.99999
00 31 I»Z *7
1 blel

1)111 »Y (D -Y 11
CONTINUDb

DO 33 l«l*S
limlel
UOU)«CU)-UI
CONTINLt

U0 so I»1.7
J»P-1
YY <3) »Y (11

continue

CALCULATE DIFFERENCES »N O VALUES

ARRANGE VALUES OF Y

VALUE FOR AS-A9

IN ASCENOING ORDER OPITTING



el eNel

o

200

L0

201

51

202

203

206
.06
207

fa
93

9
99

AO

J0Q

*RITE OsIC ImPEI Tmf£ Data NEEDED HY mINUITS
«R1TEC1*2C0> AGE*RATE*r£G
hOP*ATUAOts/»Fb.i f*K=*,F5.2**y=**F5 2)
<PITE (1*20A)
FORMAT (9X* ALALPHA* *5A* +o #U* «7 A«AC .00 1**5A «* -] .0A*6A* *1 .0# )
*Q1TE(1%205)
fORmaT <9A*A*e£TAa*6A*Al.0a «7A**0*0G1A*5X* AC.75A *6X*Al .25%*)
<RITE (1*201)
FORmaT(1lx>
mAl TE HEAbISC* FOR USE Cr FCS AND Then
*WITE OnTC TaP£1 TmE YY-vAIUES TO 6E USED IN Thi
EQUATION. I.t. AGES 1S-AA
«RITE (1*200) AOi.» RATE* UEG
RITE(1*51) <YY(I>=1=1%6)
FORMAT (6F 10.5)
<RITE (1*202>
FORMmT (»MINIMIZE#)
IF <NU*.EQ.NRUN) GO TO 206
COSTINLE
<Pl IE (1+203)
FORMAT<AENDA)
GO TO 207
=RITE(1«<20e)
FORMAT <At*IIl A)
CONTINUt
PRINT Cut Tut RESULTS
IF CIPRINT) 80 =*80*8l
CONTINUE
RRInT <3
Uuo 8 1=1*6
PRINT 90.aGES5(1> *F5<I> *FF (1) *Y<1)*D (1) *CC(l)
CONTINUE
FORMATtIf <«JOA «A5*2 (F 12 *5*F 1<*.5) *F 1A ,S)
PRINT 9b*AGv.S4t) *FbC6)*FF(6)*V(b)»CIM

00 9 1=7*6
PRINT 96.AGES(I)*FS(I> *FFI 1) =V (I>
CONTINUE

REGRESSION

FORMAT (InO.a 1X *AGROUR a «7X*ACU*'ULATEO*/32X**AGEA*2f5X*AFERT 111 TYA) *

IISA*ALN(-LN)a*S/-AUIFFtPENCE A*5X*AC1FF (OIFF)A/

a3X*aFSA<=ltX"AFFA *12X=AYA*13X « AOA*

3 12 A*ACDA)
CONTINUE

JAGE “AGE*10
JRATE*AATEMO

JOEGSOEGMO

*RITtt7*3U0) JAGE *JPATt*IJDEG*<Y(l)*1=1*7)
FORMAT<13*212*a2a*2X*7F9*5)

RETURN

tNO

FUNCTION MITCH (X* RATE)

CONS * 0.19A6S / RATE
U = -0.178 / RATE

F * «0*266» / RATE

m e« 6.06 # RATE

MITCH a 0*0

RETURN

entry hop
NITCm « CONj « EXP(U =« M-») - tXPIV =« 1X-«)))



AGE«10.0 MEAh«26.60 PO/Pl« =096 PHO* .69 Ll

Ke  *10 SO» 6.26 »1/P2« .3069 SHAM«11 1%
M« «20 SKEW» «279 P2/PJ« .6693
GROUP CUMULATEO
»GE FERTIHLITT fertility LN(-LN> DIFFERENC
Fb FF Y D
10-1* .067*6 «067*6 .99186 .67931
15-19 «167*3 .25*89 =31256 =56226
20-2* «2110* .*6598 -.26969 .59116
25-2* =16923 .65521 -.860e0© .72076
30-3* «15691 .61*12 -1.56162 1.09929
35-39 .11967 .93379 -2.68090 2.11520
40-** ,0579b .99177 -*.79610
*5-*9 «00d23 1.00000 -99.99990
AGE =10+ 0 MEAN«25.92 PO/Pl« +0*96 WHO* .90
Kp . SO« 6.05 P1/P2« 3071 SMAM«11 14
H: .'}‘%) SKE**  .360 P2/P3« «N~T73%*
GROUP CUMULATED
AGE FERTILITY fertility LN (-LN) DIFFERENCE
F5 FF Y 'b
10-1* .07272 .07272 ©96360 .70760
15-19 .20207 L27*%79 «25600 «6205*
20-2* +22*53 %9932 -.36%*5* .63097
25-29 .1917% .69106 -.99551 75726
30-3* «1*96* «6*089 -1.75277 1.13676
35-39 «10502 .9*592 -2.68953 2.15801
*Q-** .0*766 .99360 -5.0%75%
*5-%9 .006*0 1.00000 -99.99990
AGE«10.0 MEAn*25.30 PO/Pl« .0*96 HMO« .91
*« .10 SO« 7.82 P1/P2« .3073 SMAH«11 « 1%
Ma  *60 SKEW«  .*33 P2/P3« .5775
GROUP CUMULATED
*GE FERTILITY fertility LN(-LN) difference
FS FF Y 0
10-1% .0>78* .0778* .93731 .735*0
15-19 .21629 .29*%13 «20191 .66000
20-2% .2371% +53127 -.*56009 .67307
25-29 .19295 72%22 -1.13116 /v 7615
30-3* «1*033 .8**56 -1.92731 1.17631
36-39 <0915b +95611 -J. 10362 2.20226
*Q-xx ©9369«* .99505 -5.30589

*5-*9 .00*9b 1.00000 -99.99990
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APPENDIX 3.3
THE ORDINARY GOMPERTZ FIT TO STANDARD FERTILITY

In fitting the ordinary Gompertz curve to stan-
dard fertility, four parameters were allowed to vary to

ensure as good a fit as possible. Hence the function is
Fs ()

where Fs(X) 1is cumulative fertility, Fg is "completed
fertility” (see later) and XQ is the origin of the age
scale, Xx. C and D are parameters to be estimated, along
with Fg and xQ .

The fitting procedure used is iterative, employing
the computer program MINUIT (James and Roos, 1971). The

objective function is the sum of squares,

Z (F X - f.(x)2
X s 5

where fs(X) is standard age specific fertility and ;s(x)
its estimate. Fitting was carried out in age specific
rather than cumulative fertility so that an equally good
fit could be obtained over the whole curve. (In cumu-
lative fertility, where deviations cancel each other out,
it is harder to detect differences from the standard at

later ages.) Five year age groups were used rather than
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single years because this is the form used in the analyses.
The obtained fit is shown in Table A3.3.1 and
is described by

x-16.732
Fs()  1.05374 0 .04g080-8748

The estimate of Fg(F m 1.05374) is a scale parameter
introduced in order to obtain a better fit than could be
obtained by restricting this parameter to 1. In using
the standard parameters, however, Fg is regarded as unity.
The estimate of xQ - 16.732 1is the value for which the
best fit is obtained. The parameter, C, 1is dependent on
this value of xQ.

These estimates of the ordinary Gompertz para-
meters of the standard fertility distribution are used
to obtain initial estimates of the parameters of the
transformed Gompertz model, as described in Chapter 5.
Though based on endpoint data, they are used in the analysis
of both endpoint and midpoint data. Any change in these
parameter estimates that might occur if they were based
on midpoint values of the standard would be small (since
the two sets of parameters estimate the same curve) and

not of iImportance.



Table A3.3.1:

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44

45-49

The Gompertz fit to age specific

standard fertility

Standard

.00277

.13307

.24147

.23130

.18757

-13401

.06169

.00812

Fit

.02247

.12543

.23761

.24392

-17965

-11105

-06267

.03374

Difference

-.02020

.00764

-00386

-.01262

.00792

.02296

-.00098

-.02562
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Table A3.3.1:

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44

45-49

The Gompertz fit to age specific

standard

Standard

.00277

-13307

.24147

.23130

.18757

-13401

.06169

-00812

fertility

-02247

-12543

.23761

.24392

.17965

-11105

.06267

-03374

Difference

-.02020

-00764

-00386

-.01262

-00792

-02296

-.00098

-.02562
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APPENDIX 4.1

DETERMINATION OF TEENAGE FECUNDABILITY FOR USE IN
THE MODIFIED BARRETT SIMULATION MODEL

The determination of a fecundability function at
early ages was based on empirical evidence about teenage
probabilities of conception and on the shape of age specific
fertility distributions of the kind of populations of
interest. In particular, fecundability was chosen to
produce fertility schedules typical of high fertility
populations. Comparison was therefore made with the fer-
tility pattern of the standard developed in Chapter 3 and
with the empirical average used in Appendix A4.2. In
all cases comparison is between the patterns of fertility
only and to this intent all schedules are normalised to
sum to unity.

The First function to be tried was p m .0001
at age 10, monotonically increasing to the predetermined
basic fecundability, p*, (for a noncontracepting popu-
lation) at age 20. (The value of .0001 at age 10,
rather than zero, is for convenience iIn computing.)

This function was based on empirical evidence from various
studies considering time to conception (Gray, 1977) sug-
gesting that at age 15, the interval to first conception
is about twice as long as at age 20, and that fecunda-

bility at 15 is roughly half that at 20 years. Ratios
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of fertility rates for ages 10-14 and 15-19 to the rate
for 20-24 were calculated and are shown in Table A4.1.1
for several sets of nuptiality parameters. These ratios
and those for values of p at age 10 of .05 and .025,
indicated that the required proportions of fertility at
ages 10-14 and 15-19 could not be adequately achieved
by a linear fecundability function, and that an exponen-
tial function might be more appropriate. This is not
surprising since the empirical evidence is for married
women. As mentioned in Chapter 4, the required teenage
fecundability function should account for both teenage
subfertility and age at menarche. An exponential
function would be appropriate because of the extent to
which menarche precedes marriage.

The fFirst exponential function to be tried,
obtained from rough estimates of fertility at young ages,

was

p * p* exp{(x - 260)/65)
where x is age in lunar months. The schedules in Table
A4.1.2 show that the resulting fertility was too low.
Replacement of the constant value, 65(* b), by smaller
values (60 and 40) resulted in the final choice of

p m p* exp{(x - 260)/740)

as the teenage fecundability function.



Table A4.1.1:

Age

10-14
15-19
20-24

25*

10-14
15-19

20-24

ao

-02320

-14763
.19041

-63876

12

.78

1.00

10.0

0.4

Fertility patterns

P

.01188
-11658
.19403

.67751

10.0

0.6

.0001

.00858

-12130
.19446
.67566

.04
.62

1.00

0.5

resulting from linear teenage fecundability functions

o = o o =

-00499 .01828 .01290 .01530

212712 .12318 .12644 .11902
.19715 -19092 -19404 -19109
.67074 .66762 .66662 .67459

Ratios of rates to 20-24 rate

.03 .10 .07 .08
64 .65 .65 .62
1.00 1.00 1.00 1.00

Nuptiality parameters

12.0 10.0 11.0 10.0

0.4 0.6 0.5 0.6

Empirical
.025 Standard average

-00942 .00277 -

.12927 .13307 .09926
-19623 .24147 -25628

.66508 .62269 .64446

.05 .01 -
.66 .55 .39
1.00 1.00 1.00
11.0 - -
0.5 - -

cve



Table A4ml1.2:

Age
10-14
15-19
20-24
25+

10-14
15-19
20-24

ao

teenage fecundability functions

b-65 b=50
.01511 .00977 .00868
-13805 .14444 -11978
.24894 .24814 .22691
-59790 -59765 .64463

Rat ios of rates to 20-24 rate

.06 .04 .04
.55 .58 .53
1.00 1.00 1.00

Nuptiality parameters

10.0 11.0 10.0
0.6 0.5 0.6

b=40

-00689
-11007
.23393
.64911

.03
.47
1.00

10.0
0.6

243.

Fertility patterns resulting from exponential



APPENDIX 4.2

MODIFICATION OF THE STERILITY FUNCTION

The original sterility function used in the
Barrett simulation model was based on data from the 1911
Census of Ireland in the form of marriage cohorts sur-

viving to the end of childbearing. The function is

Xs - 28 + z/0.012 A4.2.1

where xg is age at sterility and z is a random variable
between 0 and 1. A constant proportion of women, 4.8%,
is assumed sterile at ages less than 28 years.

In using the simulation model to reproduce
fertility schedules for all women, some means was neces-
sary of allowing for marital dissolution. The simplest
method of doing this was to incorporate marital disso-
lution into the sterility function, thereby producing
a combined sterility/marital dissolution function (here-
after referred to as sterility). The development of
this combined function is described below. Throughout,
the same constant proportion, 4.8%, is assumed sterile
up to the age at which the function applies.

In testing the various sterility functions, the
effects of other parameters were avoided where possible.

Thus all schedules used in the comparisons below are for
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aQ = 10.0 years and k = 0.6. This combination of aQ
and k means that 83" of marriage is completed by age 20,
and 931 by age 25, thereby largely avoiding the effect
of marriage on fertility rates at ages of interest.
The schedules are calculated with a post partum coef-
ficient, r, of 1/6, appropriate for the noncontracepting
situation. The teenage fecundability function changes
because its own development took place concurrently with
the development of the sterility function. Teenage fecun-
dability, however, has no bearing on the pattern of
sterility or on the pattern of fertility at ages over 20 .
The first modification to be made to equation
A4.2.1 was to increase the rate at which sterility occurs
by increasing the constant 0.012 (= s™). Table A4.2.1
gives the resulting schedules for several values of s/
Ratios of rates at ages above 25 to the rate for 20-24
are also shown. Comparison of these ratios with stan-
dard fertility (developed in Chapter 3) and with empirical
evidence (the average of 18 schedules from censuses and
surveys given in Table A4.2_.2) indicated that the reduction
in fertility due to increased Sj values is too great at
ages 35+ compared to that at ages 25-34. This suggests
that a linear function is not appropriate for modified
sterility purposes, and that an exponential function might
produce a better fit.
The first exponential function to be tried, based

on rough calculations, was



Table A4.2.1: Fertility schedules resulting from different

values of in the sterility function
xg = 28 + 1/51

value of s Standard Empirical
Age .020 -030 .040 .050 -060 fertility average

10-14 .01242 .01527 .01494 .01614 .01499 .00277 -

15-19 .12520 .13596 .14105 .15229 15553  .13307 -09926
20-24 19546 .21639 .22681 .24843  .25705  .24147 .25628
25-29  .21217 .23004 .24247 .25137 .26434  .23130 .25022
30-34 .18421  .18098 .18959 .19123 .19171  .18757 -19238
35-39 .14041 .12740 .11323 -09895 .09275  .13401 -12965
40-44  .09146 .06873 .05697 .03747 .02349 .06169 .05426
45-49  .03449 .02314 .01421 -00413 .00014  .00812 .02149
49+ .00418 .00208 .00072 - - - -

Ratios of rates to 20-24 rate

20-24 1.00 1.00 1.00 1.00 1.00 1.00 1.00
25-29 1.09 1.06 1.07 1.01 1.03 -96 .98
30-34 94 .84 .84 .77 .75 .78 .75
35-39 .72 .59 .50 .40 .36 .55 .51
40-44 47 .32 .25 .15 .09 .26 .21
45-49 .18 11 .06 .02 .00 .03 .08

49+ .02 .01 .00 - -



1977.

1977.

Table A4.2.2: Age specific fertility schedules used to compute an empirical average pattern
of fertility
Source Country Year 15-19 20-24 25-29 30-34 35-39 40-44 45+
1 Mauritius 1966 07729 26000 25650 20347 14204 05368 00701
1 Chile 1952 08285 22160 24522 21068 14599 07371 01994
1 Japan 1950 01882 22077 32450 24000 14343 04932 00316
1 Malaysia 1966 06859 23263 26318 22127 13853 06012 00157
1 Iceland 1963 10490 29673 25829 18317 10942 04585 00163
1 Liberia 1970 17305 20455 18900 19545 12903 08461 02432
1 Tunisia 1970 03802 20856 24813 22465 16890 07907 03268
1 Bahamas 1970 11164 28859 26455 16203 11903 04778 00637
1 Guatemala 1970 11645 24183 22624 18794 14903 06083 01768
1 Panama 1966 13376 28302 25320 16949 11568 03796 00707
1 Turkey 1967 07642 25299 24517 19683 14086 05653 03119
2 Bangladesh (total) 1974 11052 23369 21971 18575 13648 06591 04794
2 Bangladesh (rural) 1974 11025 23509 21877 18468 13599 06653 04869
2 Bangladesh (urban) 1974 11957 22271 23342 21208 14134 04318 02770
3 Barbados 1969 16345 26534 22837 17395 12104 04372 00413
3 Fiji 1971 07144 31155 28284 16947 11165 03598 01707
4 Fiji (Fijians) 1974 06951 24103 26794 22646 13789 05717 -
4 Fiji (Indians) 1974 10734 35311 28672 14407 07486 03390
Average 09926 25628 25022 19238 12965 05426 02149
Source: 1. United Nations. Demographic Yearbook, various years. New York.
2. Report on the 1974 Bangladesh Retrospective Survey of Fertility and Mortality,
Population Bureau, Ministry of Overseas Development, London; and Census Commission,
Statistics Division, Ministry of Planning, Dacca.
3. Personal collection of Dr J.G.C. Blacker.
4. The Fiji Fertility Survey 1974: A Summary of Findings. World Fertility Survey,
Note: Bangladesh and Fiji are over-represented to give weight to the high late fertility in

Bangladesh, and to the different fertility patterns

in Fiji.

YAZA
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Xs =28 + 10 In CI + 92)

TTVFi

allowing sterility to occur between 28 and 52 years.

The constant, 10 (= ¢) was later reduced in an attempt

to reduce fertility at older ages in relation to

the

middle childbearing ages. It was found necessary,

however, to reduce age at which sterility begins from

28 (= a). Various combinations of a and c were

resulting in the schedules shown in Table A4.2_3.

final combination was a = 20, ¢ = 13 such that

Xs * 20 + 13 In (@ + 92)

is the final modified sterility function.

tried
The

&
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Xs =28 + 10 In (1 + 92)

allowing sterility to occur between 28 and 52 years.
The constant, 10 (m ¢) was later reduced in an attempt
to reduce fertility at older ages in relation to the
middle childbearing ages. It was found necessary,
however, to reduce age at which sterility begins from
28 (* a)- Various combinations of a and c were tried
resulting in the schedules shown in Table A4.2_3. The

final combination was a * 20, c¢c = 13 such that

Xs - 20 + 13 In A + 92)

is the final modified sterility function.
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Xs - 28 + 10 In (@ + 92)

allowing sterility to occur between 28 and 52 years.
The constant, 10 (m ¢) was later reduced in an attempt
to reduce fertility at older ages in relation to the
middle childbearing ages. It was found necessary,
however, to reduce age at which sterility begins from
28 (*“ a)- Various combinations of a and c were tried
resulting in the schedules shown in Table A4.2.3. The

final combination was a = 20, ¢ = 13 such that

is the Tfinal modified sterility function.



Table A4.2.3: Fertility schedules resulting from different combinations of a and ¢ in

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49

20-24
25-29
30-34
35-39
40-44
45-49
SO*

a* 28
c " 10

.01365
.12443
-20500
.21507
219991
.14252
.07548
.02285
-00108

1.00
1.05

.70
.37
1

the

sterility function x

28
9

.01132
.11492
.21806
22777
.20293
.14391
-06976
.01132

o
o

R38R

28
8

C

.01335
12677
.22105
-23889
.20782
.13445
.05293
-00473

m

—aecIn d ¢ 2

a=28
c «7

.01214
-13370
-23893
-24665
-21009
-12585
.03263

a=26
c

1
[ee]

-00649
-11884
.24947
-25662
.21198
-12043
.03590
-00026

Ratios of rates to 20-24 rate

1.00
1.08
A
.61
.24
.02

1.00

1.03
.88
.53
14

1.00
1.03
.85
.48
14
.00

a =23
8

.00577
-12864
.28035
-28109
.20893
-.08798
.00725

23

a

.00675
-10839
.24150
.24290
.19870
-13361
.06050
.00764

SRk 2SS

a =22

Cc « 12

-00743
-10699
.23348
-23386
-20038
.13845
.06709
.01221

-00013

1.00

SRS

.00672
.11315
.23758
.23847
-20603
-12950
-05993
-00862

1.00
1.00
.87

.25

.00533
.11034
.24327
.23807
-19464
.13205
.06145
.01460
-00025

1.00

Skl
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APPENDIX 4.3

THE EFFECT ON FERTILITY OF VARIATION AMONG WOMEN
WITH RESPECT TO DESIRED FAMILY SIZE

The use of a fixed value of the desired family
size parameter, DFS, in the simulation of fertility
schedules is questionable in light of the results of
studies giving distributions of ideal or desired family
sizes (for example Knodel and Prachuabmoh, 1973; Freedman,
1963). In order to determine whether to introduce
variability among women with respect to DFS, several
simulations were run with combinations of DFS for com-
parison with a fixed value.

The chosen combinations were 4, 5, 6 and 4, 6
to be compared with 5. In order to make the results
of the combinations directly comparable with DFS = 5
results, weights were used to ensure the same completed
fertility. Hence, for low contraceptive effectiveness
(El - 0.7, E2 - 0.9 with r - 1/6) and for nuptiality
parameters aQ = 130 months, k * 0.6, the weights were
calculated to produce a completed fertility rate of 5.19
(see Table 4.7). Since the completed fertility rates
for DFS - 4 and DFS * 6 (under the same parameter con-
ditions) are 4.68 and 5.84 respectively, weights for the

4,6 combination were chosen to satisfy:

4.68 w4 ¢ 5.84 w6 - 5.19

w4 + w6 1



giving w4 = .56 and wN = _44. In the simulation, there-
fore, 56% of women had a DFS of 4, and 44% had a DFS of
6. For the 4, 5, 6 combination, 50% of women were
assumed to have a desired family size of 5. The weights

were therefore calculated to satisfy:

4.68 w4 + | 5.19 + 5.84 w& = 5.19
wa + 1 + we =1

The solution to these equations is w4 » .28 and w» » .22;
the distribution of DFS thus being 28%, 50% and 22% for
4, 5 and 6 respectively.

The results of these runs are shown in the first
three columns of Table A4.3.1. The slight differences
in completed fertility are due to sampling error. Changes
in the age pattern of fertility are small as can be seen
in the lower half of the table (the larger changes in
the tails of the distribution are a result of the small
numbers on which the rates are based).

The right hand half of Table A4.3.1 gives
results for high contraceptive effectiveness CEL * 0.9,
E2 * 0.99, r - .3, with aQ - 130 months, k - 0.6 as before)
where the effect of a variable DFS parameter might be
expected to be greater because of the greater control over
achieved fertility. The results show that this is not the
case, however. Weights for these runs were calculated

using completed fertilities of 3.78, 4.63 and 5.32 for
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Table A4.3.1: The effect of a variable desired family

size parameter on the pattern of fertility

Low contraception High contraception
Age 4,5,6 4,6 5 4,5,6 4,6 5
10-14 -00808 .01259 -00984 -01109 -00942 .01012
15-19 .16631 .17830 .16721 .20209 .20267 .20301
20-24 .34264 .32513 .34311 .41658 .40578 -40840
25-29 .24389  .24828  .25092 .23646  .23926 .24629

30-34 -14610 .13997 -13886 .09724  .09904 .09451

35-39 .06506 .06217 .06075 .02545 .03199 .02368
40-44 .02329 .02765 -02430 -.00827 .00942 .01119
45-49 .00462 .00591 -00501 .00261 .00219 .00258
50-54 - - - .00022 .00022 .00022
level 5.20 5.24 5.19 4.60 4.65 4.63

Ratios of combination rates to DFS - 5 rate

10-14 .82 1.30 1.00 1.10 .93 1.00
15-19 -99 1.07 1.00 1.00 1.00 1.00
20-24 1.00 -95 1.00 1.02 .99 1.00
25-29 .97 -99 1.00 -96 .97 1.00
30-34 1.05 1.01 1.00 1.03 1.05 1.00
35-39 1.07 1.02 1.00 1.07 1.35 1.00
40-44 .96 1.14 1.00 .74 .84 1.00
45-49 .92 1.18 1.00 1.01 .85 1.00

50-54 - - - 1.00 1.00 1.00
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DFS =4 ,5 and 6 respectively. For the 4, 6 combination
the weights satisfy:

3.78 w* + 5.32 w* = 4.63

wa + *6 = 1
giving = .45 and w* = .55. For the 4, 5, 6 combi-
nation, the weights were w*» = .22, w®» = .50 and w» = .28.

The data in Table A4.3.1 indicate that at this
level of fertility, changes in the pattern of fertility
due to the introduction of variability among women in the
desired family size parameter are not large enough to
be of significance, especially in view of sampling errors.
It was therefore decided to leave DFS as a fixed parameter
among women. It must be noted, however, that for smaller
family sizes with the prerequisite very high levels of
contraceptive effectiveness, the chance element would be
much less important and variability in DFS would make a

significant difference to fertility patterns.



APPENDIX 4.4

READOPTION OF THE BARRETT STERILITY FUNCTION TO
PRODUCE MARITAL FERTILITY RATES

The modified Barrett simulation model used to
generate declining fertility produces age specific fer-
tility rates for ever-married women. To be able to
compare these rates with Knodel®"s work (see Chapter 4),

a means is needed of generating marital fertility corres-
ponding to the already simulated fertility schedules com-
prising the fertility decline.

Barrett"s original simulation model has no
provision for marital dissolution, and therefore cal-
culates rates for currently married women where all women
survive to the end of the childbearing period. His
sterility function, describing age, xg, at biological

sterility is

Xs - 28 & z/0.012
where z is a random variable between 0 and 1. In the
modified model, marital dissolution was incorporated into
the "sterility" function such that

Xs - 20 ¢ 13 In(l ¢ 92)

where xg now represents age at sterility or marital
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APPENDIX 4.4

READOPTION OF THE BARRETT STERILITY FUNCTION TO
PRODUCE MARITAL FERTILITY RATES

The modified Barrett simulation model used to
generate declining fertility produces age specific fer-
tility rates for ever-married women. To be able to
compare these rates with Knodel®"s work (see Chapter 4),

a means 1is needed of generating marital fertility corres-
ponding to the already simulated fertility schedules com-
prising the fertility decline.

Barrett"s original simulation model has no
provision for marital dissolution, and therefore cal-
culates rates for currently married women where all women
survive to the end of the childbearing period. His
sterility function, describing age, xs, at biological

sterility is

xS - 28 ¢ z/0.012

where z is a random variable between 0 and 1. In the
modified model, marital dissolution was incorporated into

the "sterility" function such that

Xg = 20 ¢ 13 In(@ ¢ 92)

where xg now represents age at sterility or marital



dissolution, whichever occurs first. Removal of this
function, and its replacement by Barrett"s original
sterility function would therefore produce the required
marital fertility schedules (also taking proportions
ever-married into account). These are reproduced in
Table A4.4.1 for the 5 stages of the simulated fertility
decline. Values of m, the index of voluntary fertility
control in the Coale-Trussell model, are also presented.
Comparison of these values for Stage 1 of the decline
with Knodel®s values of m, reproduced from Knodel (1977)
in Table A4.4_.2, shows that the degree of fertility con-
trol at the beginning of the fertility decline is rather
high and that Stage 1 is, in fact, already into a tran-
sition in fertility. This 1is not surprising since the
desired family size for this schedule is 6, and it is
recognised that there is quite a large gap in fertility
level and pattern between this schedule and the one
resulting from an unattainable desired family size.
(The values of m for this latter schedule, however, are
-0.19, -0.05, 0.02, -0.17, -0.77 for age groups 25-29 to
45-49 respectively, with m = -0.23 and om * 0.31. Such
negative m values 1iIndicate very high fertility patterns
of such populations as the Hutterites, whose marital
fertility is higher than standard natural Tfertility.
These populations are not of particular interest here.)
The standard deviations, om, in Table A4.4.1
are also considerably higher than those calculated by

Knodel . The reason for these high values lies iIn the
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READOPTION OF THE BARRETT STERILITY FUNCTION TO
PRODUCE MARITAL FERTILITY RATES

The modified Barrett simulation model used to
generate declining fertility produces age specific fer-
tility rates for ever-married women. To be able to
compare these rates with Knodel®"s work (see Chapter 4),

a means is needed of generating marital fertility corres-
ponding to the already simulated fertility schedules com-
prising the fertility decline.

Barrett"s original simulation model has no
provision for marital dissolution, and therefore cal-
culates rates for currently married women where all women
survive to the end of the childbearing period. His
sterility function, describing age, xg, at biological

sterility is

Xg = 28 + z/0.012

where z is a random variable between 0 and 1. In the
modified model, marital dissolution was incorporated into

the "sterility" function such that

Xs - 20 ¢ 13 In(Q ¢ 92)

where xg now represents age at sterility or marital



255 .

dissolution, whichever occurs Tfirst. Removal of this
function, and its replacement by Barrett"s original
sterility function would therefore produce the required
marital fertility schedules (also taking proportions
ever-married into account). These are reproduced in
Table A4.4.1 for the 5 stages of the simulated fertility
decline. Values of m, the index of voluntary fertility
control in the Coale-Trussell model, are also presented.
Comparison of these values for Stage 1 of the decline
with Knodel®s values of m, reproduced from Knodel (1977)
in Table A4.4.2, shows that the degree of fertility con-
trol at the beginning of the fertility decline is rather
high and that Stage 1 is, in fact, already into a tran-
sition in fertility. This is not surprising since the
desired family size for this schedule is 6, and it is
recognised that there is quite a large gap in fertility
level and pattern between this schedule and the one
resulting from an unattainable desired family size.
(The values of m for this latter schedule, however, are
-0.19, -0.05, 0.02, -0.17, -0.77 for age groups 25-29 to
45-49 respectively, with m * -0.23 and om m 0.31. Such
negative m values indicate very high fertility patterns
of such populations as the Hutterites, whose marital
fertility is higher than standard natural fertility.
These populations are not of particular interest here.)
The standard deviations, om, in Table A4.4.1
are also considerably higher than those calculated by

Knodel . The reason for these high values lies in the



dissolution, whichever occurs fFirst. Removal of this
function, and its replacement by Barrett®"s original
sterility function would therefore produce the required
marital fertility schedules (also taking proportions
ever-married into account). These are reproduced in
Table A4.4_.1 for the 5 stages of the simulated fertility
decline. Values of m, the index of voluntary fertility
control in the Coale-Trussell model, are also presented.
Comparison of these values for Stage 1 of the decline
with Knodel®s values of m, reproduced from Knodel (1977)
in Table A4.4.2, shows that the degree of fertility con-
trol at the beginning of the fertility decline is rather
high and that Stage 1 is, in fact, already into a tran-
sition in fertility. This is not surprising since the
desired family size for this schedule is 6, and it is
recognised that there is quite a large gap in fertility
level and pattern between this schedule and the one
resulting from an unattainable desired family size.
(The values of m for this latter schedule, however, are
-0.19, -0.05, 0.02, -0.17, -0.77 for age groups 25-29 to
45-49 respectively, with m “ -0.23 and om m 0.31. Such
negative m values indicate very high fertility patterns
of such populations as the Hutterites, whose marital
fertility is higher than standard natural fertility.
These populations are not of particular interest here.)
The standard deviations, om, in Table A4.4.1
are also considerably higher than those calculated by

Knodel . The reason for these high values lies in the



Table

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54

level

25-29
30-34
35-39
40-44
45-49

256

A4 .4.1: Age specific marital fertility at each
stage of the fertility decline using the
Barrett sterility function

Stage of fertility decline

1 2 3 4 5
.03715 -03468 .02987 -01206 .02864
-19539 -19352 -21549 -19188 -21539
.27946 .28034 -32053 .34214 -34308
.22795 -23632 .22016 -23396 -22661
.14228 -13729 -11837 -12511 -11836
-.07304 07257 .06055 -05933 -04379
.03278 .03139 .02617 .02687 .01808
-00980 .01250 -00746 .00678 -00526
-00215 -00140 .00140 -00187 -00079
7.45 7.84 7.14 6.96 6.33
100 105 96 93 85

m values

.50 .38 1.11 1.13 1.25

77 .83 1.25 1.26 1.35

.95 .96 1.26 1.34 1.63

.80 .83 1.06 1.08 1.37

.23 .09 .48 .57 .73

.65 .62 1.03 1.08 1.27

.29 .37 .32 .30 .33

.75 .75 1.17 1.20 1.40

-19 .25 .10 12 .16
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Table A4.4.2: Index of fertility control, m, and associated statistics
" for selected European and Asian populations®!
(Reproduced from Knodel, 1977)

~index of
\f fertility controli N N
(Index o f-— m for individual age group-
I[y Standard
Dete Souce i Mean deviaion 520 DA 35-39 40-44  45-49
' >
+“vouth and central French village- A M @ o o 0" @ na
6 north French viliagc- A 15 % Pooit mc w,] na
14 NW Fvench village- A 100 d —un oo o na
8 German uillage- A 097  -Ob o4 Ty
B 111 -0 [00:] -014 -0l OOI-
Res] (Swedlsh village; 17451120 s 079 oB 010 0] 020
Sl nunsre o as  ox  0m  -0%3
3-3% b & % @ o» 0D 01 03
Fi E O] o2 013 043 023 019 007 na
oy 3 0% -005 Q1 006 014 006 -005 -046
Sweden 1751-1100 G 10 0= 020 045 »31 »22 o1
s 0o 005 oo OB 3 -o04
T 8?1 013 oct 009 02 oIS na
J on 032 042
o*1 024 or -0l0 042 021 n.a
L Q77 00* 017 023 023 ou
M oM I 019 027 023 0: -Olf?)
074 019 024 pol
o] Qosl 003 -0I10 009 012 )7 -005
P 023 02» [ocil 040 0 20
(e} 0*4 -024 i -0(%77 -006 oot -%04 -]‘.)06
5 100 %0 006 026 »3* 033 019
P 0*6 044 00 020 023 043 07« 047
P ot2 -002 013 -003 [00.5) 009 007 -023
190 P 102 ou 023 031 02* 013 012 -0

(A) Daniel Scoli Smith. A Homeotiaiic Demograohic Regime Patterns in West European Family r preparad toc a

odels jn Hittoncal Demography (University of Pennsylvania. 1974.
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45-49 age group m values, which are consistently much
lower than the values at other ages. Recalculation of
both N and om without this last age group @ and o " in
Table A4.4.1) reduces the standard deviations to a level
which is well within Knodel®s range of findings, (but
obviously increases m). The low values of m at age 45-49
indicate higher fertility at these late ages than would be
expected from the pattern of fertility at ages less than
45. This phenomenon is also found in the schedule
resulting from an unattainable desired family size and
cannot therefore be attributed to the way in which fer-
tility has been made to decline in the simulation exer-
cise. (The m values for this schedule are given above;
removal of the final value of -0.77 increases the mean to
m* = -0.10, and decreases the standard deviation to

o" -0.10.) This high late fertility can partly be
explained by the iIntentional overrepresentation of high
fertility at late ages in both the empirical average

(see Appendix 4.2) and in the standard fertility schedule
(developed in Chapter 3), both of which were used as
references in determining a suitable sterility function
for the simulation of age specific fertility rates for

all (or ever-married) women. The phenomenon can also

be partly attributed to the sterility and menopause
functions incorporated into the simulation model, which
are based on the fertility experience of women who had
married at ages 20-24 and had reached the end of the child
bearing period by the 1911 Census of Ireland. Since the



pattern of fertility for all women is consistent with
empirical evidence (as shown in Appendix 4.2) which is
not biased sufficiently towards late high fertility

to account for the size of the fall in m values at

late ages, the sterility function used to produce these
marital fertility schedules must be inappropriate for
present purposes (though it is appropriate for the Irish
data) . This is confirmed by Barrett who acknowledges
(verbally) that sterility at late ages 1is underestimated
by the function.

Further modification of the sterility function
to correct its underestimation at late ages would be
desirable if the simulation of marital fertility were of
particular interest. It is sufficient here, however, to
show that the values of m are reasonably consistent within
schedules, that is that their standard deviations are
small. The age patterns of fertility are thus shown to

be satisfactory
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APPENDIX 4.5

THE VALIDITY OF THE AGE PATTERN OF DECLINE IN
THE SIMULATED FERTILITY DECLINE

Knodel (1977) has documented the age pattern
of fertility decline for Asian and pre-industrial
European populations. The patterns are described by
calculation of a series of percentage changes in marital
fertility for each age group. Values for Knodel®"s Asian
populations are reproduced in Table A4.5.1, and corres-
ponding values for the simulated decline are shown in
Table A4.5.2. These latter values are calculated from
the marital age specific fertility rates obtained by
using the Barrett sterility function in the simulation
program. These rates have been shown to be rather high
at very late ages (see Appendix 4.4): however, this
should have a negligible effect on the percentage changes
in rates. (In fact, if it has any effect at all, it
serves to reduce the percentage changes slightly.)

Knodel notes a general increase in the percen-
tage decline in Tfertility with age, though Malaysia, Sri
Lanka and Thailand are noted as being rather erratic.
Leaving aside values for very early and very late ages
where sampling errors are large, the simulated data pro-
duce the same age pattern for the two periods between
stages 2 and 3 and stages 4 and 5. For the other periods,

fertility has actually increased at most ages, though
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Table A4.5.1: Percentage change in marital fertility at different
ages for selected Asian countries. (Reproduced from
Knodel, 19771

Wiesc Malaysia

Souce A Source B Source C

13-19 -14

«8GS
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WL PR & ﬁéu‘gmﬁgém”r}a.mm 7- New York: (Depertirent of Eqooo cand Soxiel Afeirs 1966 ad Ly Cho. Jares A
nore and Ltle Saurcers, Heuem Fertility Trend in West Mauvsu'. Demaaeapnvst 196%,.pp. 27445(1109 Lee-Jay Cboand Horen
Analyses of Recert fertility Trends n ail Aua . th tmenmimmal Popmhnmm Conference. Liege. j97J. SOl. 2(Luge UamauoaeJ Union lor the ScaottAc of

ati 16J-1°I.
r%’e Orlwljgitsd]l\gj O™, Poaalation Malleim So. 7. New Yora: Departrent of Economic and Social Affairs. FSW SAee—Hx:k Popalaimn
Pattern and Feti.hu Oetunemb neopme KyutoOonferemem FertJIltyTra'sum(l-bmlulu East-West PopuUnon | and Kyoto: The Center for Southeast

Aﬂﬁa E?Ited]%m* P. polm\m Roiiieim So 7 New York Depertrrent of Economicend Social A(tans. 19635, and DellasF. S Fermando.  Fertility Trends mSi
imal & dn:cciol Scnenoe S(197c. pp. 3v-4J.
Talwan Nsutlori’k .npu-amul Ehltemso 7. New York. ‘of Econormic and Socul Affairs, 1965,: and Taiwen. Ministry of the interior, yenmiT. Toman

Thailand Urmied"Nattion«. Tapman-m pailenn So 7. New York: Departrrent of Economic and Socul Affairs. 19f3: end John Knodel and Pidfiu PitaktcpsontPaii.
"Fertility and Farmily Hanl?g |nTraEaI;rﬂ Restits from Two Rounds of a Nelionel Study, biadiet in Fami ly Planning 6(1973,. pp 402-41J

Rates lot 1972-74estimeted *>» author py dividing the age-speific (anility reie* by the proportion of wormen currently aitmrd in each age itroup.
| of Mi
J%%]%wel Ofnalgdswuaﬂu’ﬁyd\ndlngagaﬂmﬁc lertility rates by the proportion curreatly married



Table A4.5.2:

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54

Periods of fertility decline for stages
2 to 3 3to4 4 to 5

1 to 2

-02
04
+06
+09
+02
+05
+01
+34
-31

Percentage change

in marital

262

fertility

between stages of the simulated fertility

decline

-22
+01
+04

-61
-13
+04
+04
+03

+00
-11
+30

+116
+02
-09
-12
-14

1 to 3 3 to 5

-15

-11

-05

1 to 5
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this is not surprising for the period between stages 1
and 2 since marital completed fertility increased anyway,
and for the remaining period, between stages 3 and 4,
marital completed fertility did not fall appreciably

(see Table A4.4.1). The problem lies in the level of
fertility rather than in the age pattern of change.

It is interesting to note that the large de-
creases in marital completed fertility occur where the
desired family size parameter is decreased by one child,
but that the level either increases or decreases only
slightly when DFS remains unchanged over two consecutive
stages. Since the effect of the parameter, Kk, affecting
the pace of Ffirst marriage, 1is removed by virtue of the
fact that the rates are for marital fertility, DFS is
the most important parameter in determining the decline
in fertility. The fact that it has not changed during
two of the periods of decline has meant that marital fer-
tility has not declined appreciably over these periods.
(The increase in marital completed fertility at stage 2
is due to the effect of the other parameters, which may,
in combination, increase fertility (see Chapter 4), and
may also be caused to some extent by sampling errors.)
The decline in completed fertility for all women was
achieved at these stages by delayed marriage. Calcu-
lation of percentage changes between stages 1 and 3,
stages 3 and 5 and stages 1 and 5 results in a clear
pattern of decline of the type found by Knodel. These

percentage changes are also shown in Table A4.5.2.
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To consider the age pattern of fertility decline
of the simulated rates for all women, parallel percen-
tage declines were calculated for the rates appearing in
Table 4.13. These rates, which incorporate the effect
of delayed marriage on fertility, embody an uninterrupted
decline iIn completed fertility, though the greatest
decreases again appear where DFS 1is reduced. The per-
centage changes in age specific fertility appear in
Table A4.5.3. The clear pattern present in Table A4.5.2
is obscured by the inclusion of all women (rather than
currently married only), but negative values are intro-
duced into the Tfirst and third columns.

These findings support the earlier result
(Chapter 4) that DFS is by far the most influential
variable in reducing simulated fertility. They indicate
perhaps that some decrease in DFS should have been incor-
porated into each stage of the decline, and as such sug-
gest that the periods between stages 1 and 3 and stages
3 and 5 might be of greater interest than those between

stages 1 and 2, and stages 3 and 4.



Table A4.5.3:

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54

1 to 2

-12
-21
-01
+03
-01
-02
-18
+28
-50

Percentage change

265 .

in ajge specific fertility

between stages of the simulated fertility

decline

Periods of fertil ity decline for stages:

2to 3 3to4 4 to 5

-72
-25
-09
-14
-22
-27
-13
-55

+100

+10
-24
-14
-05
+08
+00
01

+58
-51

-64
-35
27
-20

-23
-15
-28
-21

+02

1 to 3 3 to 5

-76
-41
-10
-12
-22
-28
-29
-43
-00

-60
-51
-37
=24
=17
-15
-28
+25
-50

1 to 5

-90
-71
-43
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APPENDIX 4,6

THE COMPARISON OF LESTHAEGHE’S NUPTIALITY SCHEDULES
WITH THOSE USED IN THE SIMULATED FERTILITY DECLINE

Using recent data for Maghreb and Middle East
populations, Lesthaeghe (1971) obtained a schedule of
proportions ever married to be used as the pretransitional
schedule of a transitional nuptiality series. A post-
transitional schedule was developed to be representative
of moderately early marrying contemporary European popu-
lations. For both of these schedules, values of Coale®s
nuptiality parameters (ao, k and C) were estimated (by
the method described in Appendix 3.1A). A series of
transitional nuptiality schedules was then produced by
linear changes iIn these parameters over five transitional
cohorts. The values of the parameters for each transi-
tional cohort are shown in Table A4.6.1 along with the
proportions ever married. These values provide a reference
with which to compare the nuptiality parameters and pro-
portions ever married used in the simulated fertility
decline and shown in Table A4.6.2. No account is taken
of declining C, Tfinal proportion ever married, in the
simulation, but to some extent this is accounted for by
the high values of k. It is seen immediately that the
aQ and k parameter ranges are very different. Lesthaeghe

has a later age of start of first marriage, but a faster



267

Table A4 _.6.1: Nuptiality parameters and proportions ever

married in Lesthaeghe®s nuptiality transition

Pre- Transitional Post-
Parameter 0 1 2 3 4 5 6
ao 13.4 13.8 14.3 14.7 15.2 15.6 16.0
k .400 -433 -466 .500 -533 -567 .600
C -980 .967 .954 .940 .927 .914 -900
Age Proport ions ever married
15-19 474 -369 -269 .194 -124 .086 .052
20-24 -904 -858 .798 .722 .640 .552 .482
25-29 .975 .953 -933 .903 .8 70 .836 .795
30-34 .980 -967 -953 -936 -917 -898 .875
35-39 -980 -967 .954 -940 .927 -913 .896
40-44 .980 -967 -954 .940 .927 .914 .900
45-49 .980 -967 -954 -940 -927 914 -900
Age Proportions ever married for C * !
15-19 .484 .382 .282 . 206 -134 .094 -058
20-24 .922 .887 .836 . 768 -690 .604 .536
25-29 .995 -986 .978 .961 939 .915 .883
30-34 1.000 1.000 -999 -996 .989 .982 .972
35-39 1.000 1.000 1.000 1.000 1.000 -999 -996
40-44 1.000 1.000 1.000 1.000 1.000 1.000 1.000

45-49 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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Table A4.6 .2 : Nuptiality parameters and proportions ever
married by midpoint of each age group at

each stage of the simulated fertility decline

Stage of decline

Parameter 1 2 3 4 5
a, 10.0 10.5 11.0 11.5 12.0
k 0.6 0.7 0.8 0.9 1.0
Age Proportions ever married

10-14 .079 .032 .012 .004 .001
15-19 .653 .495 -353 .240 .157
20-24 -913 -836 742 .637 .530
25-29 -979 -952 -909 .851 . 786
30-34 .998 .987 -969 .943 -907
35-39 1.000 -999 -992 .978 -960
40-44 1.000 1.000 -999 .994 .984

45-49 1.000 1.000 1.000 1.000 -996
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Table A4 .6.2: Nuptiality parameters and proportions ever
married by midpoint of each age group at

each stage of the simulated fertility decline

Stage of decline

Parameter 1 2 3 4 5
a, 10.0 10.5 11.0 11.5 12.0
k 0.6 0.7 0.8 0.9 1.0
Age Proportions ever married

10-14 .079 .032 .012 -004 .001
15-19 .653 .495 .353 -240 .157
20-24 -913 -836 .742 .637 .530
25-29 -979 -952 -909 .851 . 786
30-34 -998 .987 -969 -943 .907
35-39 1.000 -999 .992 -978 -960
40-44 1.000 1.000 -999 .994 .984

45-49 1.000 1.000 1.000 1.000 -996



pace, than the simulated fertility decline values. In
addition he has a wider range of aQ but a smaller range
of k. The proportions ever married produced by these
parameters can be seen and compared more clearly in
Figure A4.6.1. Despite their different parameters and
the absence of a changing C for the simulation, the two
transitions overlap considerably. This is due to the
faster pace of Lesthaeghe®s nuptiality schedules compen-
sating for their later start and to the simulations
slower pace of marriage compensating for its absence of
changing C levels. Though there are differences in the
proportions, especially at very young ages and at very
old ages for the later stages of the transition, the over-
all picture is one of agreement.

It would be expected, therefore that the two
nuptiality transitions would produce similar changes in
the pattern of age specific fertility. The differences
at young ages might also be expected to be reduced in
the fertility schedules because of the small numbers
involved at such young ages. To make a direct comparison
of the effects of the two nuptiality transitions on age
specific fertility, Coale-Trussell model fertility sche-
dules corresponding to the nuptiality parameters at each
stage were calculated (in all cases for m * 0) . The
rates are shown in Table A4.6.3. Because the Coale-
Trussell model is primarily concerned with patterns of

fertility rather than level, C is assumed to be 1, and






Table A4.6.3: Age specific fertility rates resulting from use of the transitional nuptiality
parameters in the Coale-Trussell model (m = 0)

Parameters Age group
No. a, k 10-14 15-19 20-24 25-29 30-34 35-39 40-44 45-49
Simulation:

1 10.0 0.60 .01384 -13005 -20609 .20916 -19206 -15598 .08072 .01210

N

10.S 0.70 .00772 .10728 .20096 .21656 -20282 .16579 .08597 .01290

11.0 0.80 .00417 .08504 .19122 .22227 .21423 -17703 .09218 .01385

]
[y
[
(6]

0.90 .00221 .06532 .17760 .22557 -22563 .18943 .09928 .01496

5 12.0 1.00 .00115 .04898 .16127 -22603 .23647 -20266 .10721 .01623

Lesthaeghe:
0 13.4 0.40 -00098 -10631 .21730 -21902 219921 .16128 -08340 -01250
1 13.8 0.43 -00033 .08854 .21538 .22470 -20550 -16652 .08612 -01291

N

14.3 0.47 -00006 -06698 -20939 .23176 -21430 -17400 .09002 .01349

3 14.7 0.50 .00001 -05199 -20192 -23680 .22157 -18036 .09335 .01399
4 15.2 0.53 - -03690 -19050 -24196 .23032 .18820 .09750 .01462
S 15.6 0.57 - -02555 .17552 .24540 .23933 -19678 .10210 .01532

6 16.0 0.60

.01758 -16067 24732 24732 .20472 -10641 .01597
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variation in this parameter is not taken into account.
This means that the two series of schedules are not dir-
ectly comparable (becoming less comparable as the tran-
sition advances), because the effect of C (which is not
accounted for) in Lesthaeghe®s transition is to some
extent described by k (which is accounted for) in the
simulation transition. The effect on age specific
fertility is one of slightly higher rates at ages greater
than 25 for Lesthaeghe®s series than would be obtained
if C were taken into account. The extent of the dif-
ference in proportions ever married can be seen in

Table A4.6.1 and Figure A4.6.1.

The results in Table A4.6.3 show general
agreement in the effects of the simulation and Lesthaeghe®s
nuptiality transitions. It can be seen that the first,
middle and last schedules of each series are reasonably
alike (that is SI and LO, S3 and L3, and S5 and L6, where
S denotes simulation and L denotes Lesthaeghe). These
3 pairs of schedules are reproduced for comparison in
Figure A4.6.2. As expected, Lesthaeghe®"s age specific
fertility rates at ages 25 and over are slightly higher
than those for the simulation (with those at ages less
than 25 slightly lower by compensation). This suggests
that had C been taken into account, these 3 pairs might
have been even more closely matched. This close agree-
ment between fertility schedules resulting from the two
nuptiality transitions confirms the expectation that the
differences that do exist between the nuptiality schedules

are very much reduced in terms of fertility.
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APPENDIX 4.7

SAMPLING ERRORS

The comparisons between completed fertility
rates, age specific fertility rates and ratios of rates
involved in the development of a simulated fertility
decline are many. Throughout, the presence of sampling
errors should be borne in mind. The aim of this appendix
is to give some idea as to the magnitude of the sampling
errors involved. A more sophisticated analysis is not
attempted since it is considered to be beyond the scope
of the subject under study.

Given a set of parameters required to produce
an age specific fertility schedule using the simulation
computer program, the exact formulation of the schedule
is determined by the random number used to mark a starting
point for the generation of random numbers required by
the program. Variation of this random start therefore
produces a set of schedules which have the same under-
lying parameters but which differ slightly as a result of
random errors. This provides some indication of the
size of the sampling errors to which any schedule (with
that set of parameters) is subject. Schedules produced
from different sets of parameters will be subject to
slightly different sizes of sampling errors, but this is

not considered since the differences are small.
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The age specific fertility rates produced
from the modified Barrett simulation model, described
in Chapter 4, with parameters DFS = 6, aQ * 10 years,

k = 0.6, = 0.7, E2 =0.9 and r - 1/6, but with ten
different random starts, are shown in Table A4.7.1.
Their means, standard errors and coefficients of
variation are also presented: it is seen that the stan-
dard errors are small, amounting to less than 6% of

the mean rates for ages 15 to 44. In the tails of the
distribution, however, the small numbers involved

render the rates far more variable especially at older
ages, where the standard error is almost as large as the
rate itself.

Ratios of the rates to the 20-24 rate are given
in the lower half of Table A4.7.1. Again, the coeffi-
cients of variation show that these ratios are far more
reliable for ages 15 to 44. They do, however, have

slightly larger coefficients of variation than the rates.



Table A4.7.1:

Age

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54

level

10-14
15-19
20-24
25-29
30-34
35-39
40-44
45-49
50-54

.00713
-15011
.31640
-26961
.15829
.06853
.02592
-00365
-00035

5.749

.02253
47443
1.00000
.85212
.50028
-21659
.08192
-.01154
.00111

Age specific fertility rates generated for a set of parameters by changing the random start

.00751
-15461
.31499
.26712
-15793
.06744
.02533
-00507

5.724

.02384
-49084
1.00000
-84803
.50138
.21410
.08042
.01610

.00871
-15239
.32079
.27429
.14995
.06531
.02212
.00627
.00017

5.742

.02715
47505
1.00000
-85505
.46744
.20359
.06895
-01955
.00053

4

.00822
.15816
.32008
.26062
.15661
.06837
.02485
-00308
.00025

5.836

5

-01095
-15589
-31439
.26521
-15433
.07108
.02433
.00365
-00017

5.754

Ratios of rates

.02568
-49413
1.00000
-81423
-48928
-21360
.07764
-00962
-00078

.03483
-49585
1.00000
.84357
49089
.22609
.07739
.01161
.00054

.00718
.14511
.31455
.27919
-15508
.06844
.02678
-00368

5.713

to 20-24

.02283
-46133
1.00000
.88759
.49302
.21758
.08514
.01170

.00910
.14926
-31409
.27227
-16115
.06614
.02415
-00350
.00035

5.715

rate

-02668
-43760
1.00000
.79824
47246
-19391
.07080
-01026
-00103

.00850
-13669
.31834
.27072
.16324
.07224
.02567
-00460

5.648

.02670
.42938
1.00000
.85041
51279
.22693
.08064
.00144

-00993
.14530

.31645
.26818

.16242
.06794
.02396
.00582

5.843

-03138
.45916
1.00000
.84746
-51326
.21469
.07571
.01839

10

.00776
.14653

-31598
27237

.15842
.07068
.02344
-00465
-00017

5.801

-02456
.46373
1.00000
-86198
-50136
-22369
.07418
.01472
.00054

mean

-00850
.14940
.31661
-26996

.15774
-06862
.02465
.00440
-00015

5.7525

-02662
46815
1.00000
.84587
-49422
.21508
.07728
.01249
.00045

S.e.

.00123
-00633

-00238
.00513

.00402
.00217
.00135
.00107
.00014

-05994

-00386
.02267

.02455
.01518
.01015
-00503
.00517

2
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APPENDIX 5.1

THE COMPUTER PROGRAMS USED IN FITTING THE
TRANSFORMED GOMPERTZ MODEL

Programming for the estimation of the para-
meters of the transformed Gompertz model is divided into
two programs, and is functional rather than elegant.

The programs are reproduced at the end of this appendix.

Input is to the first program, TRUNK. The

following parameters are required:

NRUN number of sets of data to be analysed

For each set of data:

NN first point to be included in analysis
M last point to be included in analysis
L 0 if input is age specific fertility

1 if input is cumulative fertility

LL O if Gompertz function to be fitted
1 if transformed Gompertz function to be fitted
KK 0 if data are endpoints (at ages 15, 20, etc.)
1 if data are midpoints (average parities)
NEWEIT 0 if fitting to cumulative fertility
1 if fitting to transformed fertility (not used)
TF 0 if initial level estimate to be obtained from data
user supplied initial level estimate
MF 1 X 0 if equal weights to be used (except w(10-14)-0)

- 1 if infinite weight to last point



Data

This information is partially processed in TRUNK and is
written onto tape in the form required by the minimisation
program, MINUIT (James and Roos, 1971), which is external
to the programming described here. The second program,
TRUNKIT, calls MINUIT as required, and both programs

read the prepared data from tape.

The objective Tfunction is calculated at each
iteration by the subroutine FCN within TRUNKIT. This sub-
routine performs the main part of the Ffitting procedure
by providing the specific information for the general
minimisation carried out by MINUIT. FCN also produces

the output, an example of which 1is reproduced.
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APPENDIX 5.2

CALCULATION OF THE INITIAL PARAMETER ESTIMATES

Initial estimates of the parameters of the trans-
formed Gompertz model are required as a starting point
for the iterative fitting procedure. These rough values
are provided internally to the computer program from know-
ledge of the data and of the standard. This procedure
avoids the need for external (user provided) estimates,
thereby relieving the user of the need to assess every set
of data. It also gives a fairly accurate starting point
for each set of data, thus minimising the number of
iterations and the likelihood of finding possible local
minima .

The procedure adopted here for estimating
initial values of F, P and Q in the transformed Gompertz
model is based on the assumption that the ordinary Gom-
pertz model fits observed and standard fertility well
enough for this purpose. Under this assumption, the
two sets of Gompertz parameters can be used to estimate
the transformed Gompertz parameters. If observed fer-
tility can be represented by

,X=-X0
FOO F Al

and standard fertility by



15,4 9f

Fs() = Fs C

where Fg =1, F >0 and 0 < A, B, C, D < 1, then taking

the double logarithm transforms (as in Chapter 2) gives

YX) * - In (- InA) - X - xq) InB

Writing a

- In (- InA)
cm-In (- InC)

b “ - InB
d = - InD
where <> < a,c < ®and 0 < b,d < gives

YFX) * a ¢ b(x - xQ)

Ys(X) «c ¢ dxX - xQ)

AS.2.1

which is a linear relationship between observed and stan-
dard transformed fertility. Recalling from Chapter 2

that the transformed Gompertz model 1is described by
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Fs(X) = Fs C*

where F * 1, F >0 and O <A, B, C, D < 1, then taking

the double logarithm transforms fas in Chapter 2) gives

Yx) = -1In (- InNnA) - (x - xq) InB
Ys() =-In (- InC) - X - xQ) InD
Writing a =-In ( 1InA)
c =-In (- 1InC)
b =-1InB
d =-1InD
where <= < a,c < ®and 0 < b,d < gives

Y(X) * a + b(x - xQ)

Ys(X) * c + d(x - xQ)
Hence
Y(X) - a Ys(X] ~ C
and thus Y(X) “ a “ 99 + 9 Yg X A5.2.1
which is a linear relationship between observed and stan-
dard transformed fertility. Recalling from Chapter 2

that the transformed Gompertz model 1is described by

Y(X) - a ¢ BYs®
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it is seen that under the assumption that the Gompertz

fit is adequate

a=a-c¢c¢ and 6 = -
Since a - -In(-InP) and 6 = -InQ, it follows that
P = Af'InC) / and Q = g-1/InD A5.2.2

It is thus possible to estimate P and Q from estimates
of A, B, C and D.

Estimates of C and D for the standard have
already been derived in Appendix 3.3 where the value of
the origin, xQ, giving the best fit of the Gompertz
model is also estimated. These estimates are C * 0.0481
D - 0.8748 and x, - 16.732.

Estimation of A and B for observed fertility,
and of observed completed fertility, F, is done by the
method of selected points, described in Appendix 5.3.

The age range for this calculation is taken to be as wide
and late as the data allow, given that the three selected
points need to be equidistant. Table A5.2.1 shows which
datapoints are used when complete and less than complete
data are to be analysed. For midpoint data, the ages

shown are not the exact ages to which the data, which are
average parities, refer. This means that the points are
not exactly equidistant, though the error involved is

small especially for the range of ages usually employed
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Table A5.2.1: Selected points used in the estimation of

the ordinary Gompertz parameters

Points
included Selected points
Endpoint data
15 to 50 20 35 50
15 to 45 15 30 45
15 to 40 20 30 40
15 to 35 15 25 35
15 to 30 20 25 30
20 to 50 20 35 50
20 to 45 25 35 45
20 to 40 20 30 40
20 to 35 25 30 35
25 to 50 30 40 50
25 to 45 25 35 45
25 to 40 30 35 40
Midpoint data*
12.5 to 47.5 17.5 32.5 47.5
12.5 to 42.5 12.5 27.5 425
12.5 to 37.5 17.5 27.5 37.5
12.5 to 32.5 12.5 22.5 32.5
17.5 to 47.5 17.5 32.5 47.5
17.5 to 42.5 22.5 32.5 42.5
17.5 to 37.5 17.5 27.5 37.5
17.5 to 32.5 22.5 27.5 32.5
22.5 to 47.5 27.5 37.5 47.5
22.5 to 42.5 22.5 32.5 42 .5
22.5 to 37.5 27.5 32.5 37.5

These ages are not the ages to which the data
actually refer.
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and is not important for the purposes of providing
initial estimates.

The estimate of A (A" say) is that obtained
when the origin is equal to the age of the first selected
point and needs to be adjusted to an origin of 16.732
to be compatible with the standard value. (B is unaf-
fected by changes in xQ.) Hence the estimate of A
used In equation A5.2.2 to obtain an estimate of P is

B16.732-x0*
A * Aj

where xD " is the age of the fFirst selected point on which
Aj is calculated.

For the analyses reported in Chapters 5 and 6
the parameters F, P and Q are estimated by the above
procedure and used as the initial parameter values in

the iterative estimation.



and is not important for the purposes of providing
initial estimates.

The estimate of A (A" say) is that obtained
when the origin is equal to the age of the first selected
point and needs to be adjusted to an origin of 16.732
to be compatible with the standard value. (B is unaf-
fected by changes iIn xQ.) Hence the estimate of A
used in equation A5.2.2 to obtain an estimate of P is

B16.732-x0 "
A * Aj

where x0" is the age of the Tfirst selected point on which
Aj 1is calculated.

For the analyses reported in Chapters 5 and 6
the parameters F, P and Q are estimated by the above
procedure and used as the initial parameter values in

the iterative estimation.



201.

APPENDIX 5.3

ESTIMATION OF THE GOMPERTZ PARAMETERS BY THE
METHOD OF SELECTED POINTS

The Gompertz parameters can be estimated from
three equidistant points by the method of selected points.
This method has been used by Martin (1967) and is the
simplest of the methods available. The method of partial
totals, used by Wunsch (1966), and iterative techniques
such as that used by Murphy and Nagnur (1972) or the one
adopted in this work to estimate the transformed Gompertz
parameters, can also be used. For the purposes for
which estimates of the ordinary Gompertz parameters are
required, however, the method of selected points is
adequate.

The method is used to fit the Gompertz function
to cumulative fertility. Three points or exact ages

(x0, Xj and X£) are used which must be equidistant:

X1 "™ xo “ X2 " X1 “n

The first point, xQ, is taken as the origin. Taking
natural logarithms of the Gompertz Tfunction (given in

equation 2 .1) gives

InNF(x) - InF ¢ Bx_x° InA A5.3.1
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and substituting xo, x1 and x2 for Xx gives

In F(xq) InF + InA A5.3.2
In FCxj™) InF + Bn InA A5.3.3
InF(x2) InNF + B2n InA A5.3.4

These three equations can be solved for F, A and B.

Subtracting A5.3.2 from A5.3.3 gives

In FCj) - In F(x0) = (Bu - ) in A A5.3.5

Similarly, subtracting A5.3.3 from A5.3.4 gives

In F(x,) - In F(x,) » Bn(®Bn - 1) InA A5.3.6

Dividing A5.3.6 by A5.3.5 results in

n In F(x2) - In FCJ)
B “ TiTTTxj) - In F(x07

and rearranging A5.3.5 gives

In FiXj) - InF(xQ)

InA
Bn - 1
(In FCX3) - In F(xc))2 on substitution.
“ In f(x2s - 21n FCXj) ¢ In F(x0)

From equation A5.3.2
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InF “ In F(xQ) - InA

(In FCX3))N - In F(xQ).In F(x2) on substitution.
= 21n F(x1) - In F(xQ) - In FX"2)



294.

APPENDIX 5.4

TABLES OF CUMULATIVE FERTILITY RATES USED IN ANALYSES

The following data are used in the analyses in

Chapter 5. They are presented here in their cumulative

form.

Table A5.4_.1: Cumulative fertility rates for simulated

data
Exact Stage of fertility deci ine
age 1 2 3 4 5
15 .00713 -00649 -00216 .00257 -00123
20 .15724 .12881 .11169 -09259 .07806
25 47364 .45344 -46572 42296 -39586
30 .74325 . 74006 .76046 . 72598 .71582
35 -90154 -90309 -91333 -90461 -89725
40 -97007 -97299 .97413 .97078 -97161
45 -99599 -99497 -99698 .99533 -99506
50 -99964 -99983 -99957 -99977 -99969
55 99999 1.00001 1 .00000 1.00000 1.00000

Note that only data to age 50 are used in the analysis
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Table A5.4.2: Cumulative fertility rates by birth cohort
of women, Sweden 1870/71 to 1915/16

Exact Cohort

age 1870/71 1875/76 1880/81 1885/86 1890/91
15 -0005 -0006 -0004 -0006 -0009
20 1202 -1291 -1500 .1553 1747
25 .7931 .8322 .8419 -8594 -8097
30 1.7947 1.8143 1.7617 1.6718 1.5543
35 2.7298 2.6962 2.5002 2.3396 2.1085
40 3.4171 3.2849 3.0001 2.7497 2.4178
45 3.6825 3.5058 3.1783 2.8812 2.5127
50 3.6994 3.5197 3.1878 2.8884 2.5178

Exact Cohort

age 1895/6 1900/01 1905/06 1910/11 1915/16
15 -0008 .0008 -0009 -0007 -0007
20 -1652 -1635 -1488 -1505 .1443
25 . 7696 . 7076 -5926 .5523 .6128
30 1.3903 1.2370 1.0524 1.0486 1.2969
35 1.8253 1.6186 1.4428 1.5625 1.7483
40 2.0655 1.8519 1.7450 1.8166 1.9492
45 2.1442 1.9322 1.8232 1.8720 1.9952
50 2.1492 1.9365 1.8262 1.8739 1.9970
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Table A5.4.3: Cumulative fertility rates for native white

women in the USA, cohorts 1899/1900 to

1904/05

Exact Cohort

a9¢  1899/1900 1900/01 1901/02 1902/03 1903/04 1904/05
20 .244 .256 .280 .285 .285 .286
25 1.066 1.066 1.068 1.072 1.051 1.017
30 1.803 1.738 1.716 1.703 1.677 1.621
35 2.270 2.171 2.119 2.118 2.080 2.024
40 2.538 2.416 2.364 2.358 2.320 2.275

45 2.614 2.492 2.443 2.439 2.404 2.355



Table A5.4.4:

Exact
age

15
20
25
30
35
40
45
49*

1911

-003
.247
.871
1.606
2.233
2.605
2.714
2.720

Cumulative fertility rates by birth cohort

of women,

1912

-003
-238
.868
1.637
2.276
2.653
2.762
2.767

Canada 1911 to 1916

Cohort
1913

.003
.227
-880
1.696
2.367
2.757
2.867
2.873

1914

-003
224
-898
1.747
2.416
2.803
2.908
2.913

Data available to exact age 49 only

1915

.003
.216
-904
1.752
2.400
2.780
2.880
2.885

1916

.003
.213
.922
1.776
2.403
2.778
2.874
2.879



Table A5.4 .4:

Exact
age

15
20
25
30
35
40
45
49%*

1911

-003
.247
.871
1.606
2.233
2.605
2.714
2.720
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Cumulative fertility rates by birth cohort

of women,

1912

-003
.238
.868
1.637
2.276
2.653
2.762
2.767

Canada 1911 to 1916

Cohort
1913

.003
.227
.880
1.696
2.367
2.757
2.867
2.873

1914

.003
.224
.898
1.747
2.416
2.803
2.908
2.913

* Data available to exact age 49 only.

1915

.003
.216
-904
1.752
2.400
2.780
2.880
2.885

1916

.003
.213
.922
1.776
2.403
2.778
2.874
2.879



APPENDIX 5.5

TABLES OF PARAMETER ESTIMATES FOR THE TRANSFORMED
GOMPERTZ MODEL

The following tables give complete sets of
results for the analyses discussed in Chapter 5. This
includes estimates of P and Q, not discussed in Chapter 5.
The mean square error, S/n, where S is the weighted sum
of squared deviations (see Chapter 5) and n is the number
of datapoints included, provides a measure of goodness of
fit of the model. A good fit in this sense, however,

does not necessarily imply good prediction of F.



Table A5.5.1: Estimates of the parameters for simulated data

Points Estimates of parameters S/n q
included P Q a 6 F X icr
Stage 1
IS to 50 -47098 .26737 .28378 1.31914 99679 24493
15 to 45 .47035 -26709 .28200 1.32016 99760 26473
15 to 40 -47024 .26713 .28169 1.32001 .99775 30856
15 to 35 .45832 -28009 .24821 1.27265 1.01712 18285
15 to 30 -43938 -29432 19555 1.22308 1.05201 11938
Stage 2
15 to 50 -44848 .25053 .22077 1.38417 .99686 20973
15 to 45 -44936 .24973 .22322 1.38737 99675 22526
15 to 40 -44875 -25052 .22154 1.38422 99751 26043
15 to 35 -43976 -26015 19660 1.34651 1.01233 19148
15 to 30 .41562 -28126 13012 1.26846 1.06186 09774
Stage 3
15 to 50 .45627 .22523 .24249 1.49064 -99698 11696
15 to 45 45637 .22571 .24276 1.48850 .99725 12886
15 to 40 -46049 .21986 .25429 1.51476 -99050 07815
15 to 35 .45699 .22345 .24452 1.49857 -99614 06231
15 to 30 44177 .23608 .20217 1.44357 1.02366 01149
Stage 4
15 to 50 .41485 .23237 .12801 1.45942 99552 14275
15 to 45 .41493 .23218 .12823 1.46025 -99533 13665
15 to 40 .41627 .23012 213191 1.46917 .99291 15420
15 to 35 .40696 -24140 10643 1.42130 1.01002 02548
15 to 30 .39959 .24784 .08631 1.39498 1.02535 01647
Stage 5
15 to 50 .38966 .22878 -05924 1.47500 .99548 15305
15 to 45 .38947 -22820 .05873 1.47755 .99583 15182
15 to 40 -39064 .22666 .06191 1.48429 .99325 16894
15 to 35 .38491 -23406 .04632 1.45219 1.00474 12116
15 to 30 -36409 .25318 -.01031 1.37364 1.05248 00838



Table A5.5.2

Points
included

15 to 50
15 to 45
15 to 40

15 to 30

15 to 50
15 to 45
15 to 40
15 to 35
15 to 30

15 to 50
15 to 45
15 to 40
15 to 3H
15 to 30

15 to 50
15 to 45

15 to 35
15 to 30

15 to 50
15 to 45
15 to 40
15 to 35
15 to 30

15 to 50

15 to 40
15 to 35
15 to 30

15 to 50
15 10 45
15 to 40
15 10 35
15 to 30

.20436
.20421
-20391
.20616
-21025

.22557
.22549
.22535
.22442
.23142

-25533
-25536
-25545
.25917
.24163

.28324
-28303
.28227
.28393
-30389

-31317
-31372
.31171
.30611
.29211

-34606
-34671
.34708
.34803
.35167

.34872
.34897
.34975
.35452
.36115

Estimates of parameters

Q a
1870/71 cohort
.32670 -.46238
.32807 -.46285
.33045 -.46377
.32518 -.45685
.31936 -.44435
1875/76 cohort
.31375 -.39820
.31466 -.39843
.31547 -.39884
.31738 -.40161
.30856 -.38083
1880/81 cohort
.30880 -.31130
.30914 -.31122
.30847 -.31094
.30106 -.30030
.32171 -.35090
1885/86 cohort
.30021 -.23227
.30131 -.23286
.30363 -.23499
.30040 -.23033
.28017 -.17488
1890/91 cohort
.28612 -.14929
.28475 -.14776
.29016 -.15332
29902 -.16873
31400 -.20753
1895/96 cohort
.28055 -.05934
.27912 -.05758
.27864 -.05657
27721 -.05398
.27346  -.04407
1900/01 cohort
.30628 -.05210
.30579 -.05141
.30401 -.04930
.29806 -.03633
29183 -.01829

B

1.11871
1.11452
1.10730
1.12338
1.14145

1.15916
1.15626
1.15368
1.14765
1.17583

1.17507
1.17395
1.17612
1.20045
1.13412

1.20326
1.19961
1.19196
1.20264
1.27235

1.25134
1.25615
1.23733
1.20724
1.15836

1.27102
1.27612
1.27784
1.28298
1.29659

1.18324
1.18484
1.19069
1.21046
1.23159

3.70674
3.71329
3.72509
3.68369
3.61762

3.52359
3.52717
3.53102
3.54486
3.44894

3.19038
3.19193
3.18907
3.14509
3.34757

2 .89289
2.89639
2.90526
2.88957
2.72492

2.52178
2.51731
2.53430
2.57408
2.68178

2.14773
2.14421
2.14266
2.13766
2.11643

1.88448
1.88348
1.87938
1.86006
1.8 3018

Estimates of the parameters for Swedish data

S/n
X 10y

024102
012769
007158
000720
004614

006541
002985
002322
001052
001434

032429
035434
040408
029468
000303

029047
027777
024104
029846
000540

049010
063719
048071
027079
003708

002419
003777
000245
000240
002006

005968
006911
005704
000691
000715



i fmmmm

Table A5.5.2 continued

Points

included

15
15
15
15
15

15
15
15
15
15

15
15
15
15

to
to
to
to
to

to
to
to
to
to

to

to
to
to

50
45
40

30

50
40
30

50
40
30

-30770
-30600
-30005
-31444
-34350

.28342
.28156
.27250
.22992
-25433

-30916
-30831
-30581
.28773
-19575

-30670
.31324
-33997
-40966
-38368

.24749
.24958
.25824
.29192
-39596

Q

Estimates of parameters

a B

1905/06 cohort

.33601  -.
.34046  -.
.35388 -.
.33280 -.
.30500 -.

1910711

1915716

16434 1.09061
16904 1.07745
18549 1.03881
14580 1.10021
06632 1.18743

cohort

.23176 1.18188
.23698 1.16080
.26247 1.07891

-38528 .89242
.31418 -95795

cohort

.16033 1.39638
.16267 1.38798
.16957 1.35388
.21971  1.23127

-48914 -92643

NNR R RPRRRR

WNNNN

.83757
.84759
-88209
-80791
.67456

.89434
-90969
-98023
-31204
-10980

-00564
.01088
.03164
.15018
.03656

301.

S/n Q
X 10y

138586
122616
055100
016388
001099

830491
844763
546883
005335
002991

556682
618571
650280
497754
018659
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Tab le A5.5.3 : Estimates of the parameters for US data

Points Estimates of parameters S/n g
included P Q o 8 F x icr

1899/1900 cohort

20 to 45 .39218 .26804 .06610 1.31660 2.60754 083687
20 to 40 -39416 .26480 07150 1.32877 2.59764 080051
20 to 35 .40357 -25321 09716 1.37352 2.55157 004275

1900/01 cohort

20 to 45 .40948 -26946 211331 1.31132 2.48206 154311
20 to 40 .41278 .26458 .12234 1.32963 2.46785 137230
20 to 35 .42384 .25161 15268 1.37986 2.41962 048762

1901702 cohort

20 to 45 -42033 .27620 .14305 1.28663 2.43109 177237
20 to 40 .42458 .27005 15472 1.30917 2.41378 143071
20 to 35 -43846 -25394 .19298 1.37064 2.35660 010089

1902/03 cohort

20 to 45 -42097 .27970 .14481 1.27405 2.42810 165919
20 to 40 -42088 .27673 .14455 1.28470 2.42935 197451
20 to 35 -43642 -26080 .18736 1.34401 2.36475 058510

1903704 cohort

20 to 45 -42020 -28239 .14268 1.26447 2.39205 151384
20 to 40 -42465 .27593 .15490 1.28760 2.37420 110402
20 to 35 -43655 .26248 .18772 1.33760 2.32659 021150

1904/05 cohort

20 to 45 -41421 .29263 .12627 1.22886 2.34810 118379
20 to 40 .41699 .28852 .13387 1.24298 2.33695 117396
20 to 35 -43049 .27299 .17098 1.29833 2.28236 024130



Table A5.5.4:

Points
included

15 to 45
15 to 40

15 to 30

15 to 45
15 to 40
15 to 35
15 to 30

15 to 45
15 to 40
15 to 35
15 to 30

15 to 45
15 to 40
15 to 35
15 to 30

15 to 45
IS to 40
15 to 35
15 to 30

15 to 45
15 to 40
15 to 35
15 to 30

.31234

.30628
.28801
.26901

-30700

-30107
.28494
.25429

-29950

-29502
.28117

.24763

.30214
.29814
.28535
.24290

-30640
-30295
.29442
.25904

.31285
-30996
-30625
.27376

-32285
-33656
-36374

-38350

-31641
-32907
-25475
.38725

-30880

-32072
-34292
.37969

-30100

.31146
-33204

.37790

.29647
-30535
-31861

-35650

.29214
.29912
.30494
-33878

a

1911 cohort

-.15156
-.16826
-.21894
-.27231

1912 cohort

-.16629
-.18093
-.22752
-.31428

1913 cohort

-.18700
-.19944
-.23807
-.33349

1914 cohort

-.17971
-.19078
-.22637
-.34721

1915 cohort

-.16794
-.17748
-.20110

-.30067

1916 cohort

-.15017
-.15813
-.16835
-.25890

1.13058
1.08897
1.01132

-95842

1.15071
1.11149
1.03633

-94868

1.17507
1.13718
1.07027

-96841

1.20065
1.16649
1.10250

.97314

1.21580
1.18629
1.14377
1.03142

1.23052
1.20693
1.18765
1.08241

2.74907
2.80025
2.95389
3.14122

2.79519
2.84312
2.98878
3.31050

2.89908
2.94468
3.07450
3.44279

2.93725
2.97726
3.09464
3.57424

2.90554
2.93891
3.01232
3.37544

2.89575
2.92208
2.95201
3.25764

Estimates of the Darameters for Canadian data

393175
217540
025581
000918

400669
249875
066813
001181

404472
264823
086485
002790

368351
257968
132892
000115

246150
161992
112840
002691

164078
109221
110835
004111



Table A5.5.4:

Points
included

15 to 45
15 to 40
15 to 35
15 to 30

15 to 45
15 to 40
15 to 35
15 to 30

15 to 45
15 to 40
15 to 35
15 to 30

15 to 45
15 to 40
15 to 35
15 to 30

15 to 45
15 to 40
15 to 35
15 to 30

15 to 45
15 to 40
15 to 35

Estimates of the parameters for Canadian data

.31234
.30628
.28801
.26901

-30700
.30107
.28494
-25429

-29950
.29502
.28117
.24763

. 30214
.29814
.28535
-24290

.30640
-30295
.29442
-25904

. 31285
. 30996
. 30625
.27376

-32285
-33656
.36374
-38350

.31641
-32907
-25475
-38725

-30880
.32072
-34292
-37969

. 30100
. 31146
.33204
-37790

.29647
. 30535
. 31861
. 35650

. 29214
. 29912
. 30494
.33878

a

1911 cohort

-15156
-16826
-.21894
-.27231

1912 cohort

-16629
-18093
.22752
-31428

1913 cohort

-.18700
-.19944
-.23807
-.33349

1914 cohort

-.17971
-.19078
-.22637
-.34721

1915 cohort

-.16794
-.17748
-.20110
-.30067

1916 cohort

-.15017
-.15813
-.16835
-.25890

PR PR PR PR

e )

1.
1.
1.
1.

-13058
-08897
-01132
.95842

-15071
-11149
.03633
-94868

.17507
-13718
-07027
-96841

-20065
.16649
.10250
-97314

.21580
.18629
.14377
.03142

23052
20693
18765
08241

WWNN WWNN WWNN WNNN WNNN

WNNN

- 74907
-80025
-95389
-14122

.79519
.84312
-98878
.31050

-89908
-94468
-07450
.44279

.93725
-97726
-09464
-57424

-90554
-93891
.01232
.37544

-89575
-92208
-95201
.25764

S/n g
X 10y

393175
217540
025581
000918

400669
249875
066813
001181

404472
264823
086485
002790

368351
257968
132892
000115

246150
161992
112840
002691

164078
109221
110835
004111
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APPENDIX 6.1

ESTIMATES OF THE PARAMETERS OF THE TRANSFORMED
GOMPERTZ MODEL

This appendix contains the full results of the
fits of the transformed Gompertz model obtained under
the two weilghting systems described in Chapter 6 . This
includes the parameters P and Q, not presented in Chapter
6, and results for the cohort aged 45-49 which in the
case of Bangladesh and West New Guinea is badly affected
by omissions. The mean square errors, S/n, where S is
the weighted sum of squared deviations (see Chapter 5)
and n is the number of datapoints involved, is also pre-
sented. Whereas in Chapter 5 this provided a measure
of goodness of fit of the model, it should be regarded
here as more of a measure of the extent of reporting
errors in the data. For the results obtained using the
second set of weights, n is one less than for the results
for the same cohort but using the first set of weights,

because the final point is Tfixed.



Table A6.1.1:

Cohort:
age at
survey

30-34
35-39
40-44
45-49

30-34
35-39
40-44
45-49

Estimates of the parameters;

Bangladesh Fertility Survey,

P

Estimates of parameters

Q

a

a) equal weights

-46088
.41412
.41810
-38658

b)

-50898
.41311
-42502
.39434

-39299
-40349
-40736
-41991

infinite
.32705
.42996
47944
47414

-25539
.12603
.13693
.05086

B

-93396
-90761
-89806
.86772

o N N -

weight to last point

-39254
.12325
-15594
.07198

1.11766
-84406
.73514
.74625

6.

7
7.
6.53242

1975

.62113
.79200
-53612
-55879

99541

-86493

66322

S/n

-00277
-00949
-00684
-00186

.01640
-02026
.07122
.03774
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Table A6.1.2: Estimates of the parameters;

Sri Lanka Fertility Survey, 1975, 0-5 years

education
Cohort: Estimates of parameters
age at
survey P Q a B F S/n
a) equal weights
30-34 .41353 .36473 -12439 1.00861 5.23391 -00076
35-39 -39533 .37778 .07468 .97344 5.98055 -00426
40-44 .39848 .35178 .08328 1.04474 5.93519 -00374
45-49 -35357 .36227 -.03890 1.01536 6.07164 .00219
b) infinite weight to last point
30-34 .42186 -32731 .14725 1.11684 5.01931 -00657
35-39 -39399 .41512 .07104 .87919 6.10450 .01282
40-44 .40439 -35778 .09940 1.02784 5.87777 -00677

45-49 -36195 -39883 -.01612 -91922 6.05348 .01493



Table A6.1.3:

Cohort:
age at
survey

30-34
35-39
40-44
45-49

30-34
35-39
40-44
45-49

Fertility Survey, 1975,

Estimates of the parameters;

Estimates of parameters

P Q a

a) equal weights
.24872 -38490 -.33033
.27991 .28882 -.24159
.27064 -32428 -.26770
.27039 -32035 -.26842

b) infinite weight to
-25229 .39112 -.32004
.29708 .34641 -.19372
.28135 .35396 -.23757
-27210 .31256 --26357

B

-95477
1.24195
1.12616
1.13834

last point

-93875
1.06012
1.03856
1.16295

Sri Lanka

4.27207
4.10442
4.18861
5.09426

4.28322
4.26523
4.19381
5.04123

6+ years education

S/n

-00010
-00031
-00120
-00218

.00036
.00837
.00482
.00335



Table A6.1.4 Estimates of the parameters; West New
Guinea, 1961-62

Cohort : Estimates of parameters
age at
survey P Q a S F S/n

a) equal weights

30-34 .31433 .38089 -.14606 .96523 7.53636 -00078
35-39 .32721 239999 -.11079 .91631 7.17161 -00063
40-44 37272 -37988 .01316 96790 6.47343 -00135
45-49* -42093 -34716 14469 1.05796 6.02543 -00061
b) infinite weight to last point
30-34 -25709 .43926 -.30626 .82267 8.78789 -00792
35-39 .33606 .38273 -.08660 .96043 7.05181 .00248
40-44 -37798 -47906 -02745 .73593 6.75141 -06946
45-49* .42380 -34809 .15256 1.05530 6.00464 .00101

Point 15-19 not available fit based on ages 20+



APPENDIX 6.2

PARAMETER ESTIMATES FOR GRADUATED FERTILITY RATES

Results are presented here for the fits of the
transformed Gompertz model to the graduated fertility
rates derived in Chapter 6. The TFfitting procedure is
identical to that used in Chapter 6 for reported rates.
The weighting used is that with an infinite weight to
the last point because the purpose of fitting to these
data is to extrapolate beyond the last point to exact
age 50. This is done for periods 0-4 and 5-9 years
before the survey only, so that the maximum extent of
extrapolation is 8 years.

Results for Bangladesh appear in Table A6.2.1.
It is seen that the fit is not good and that there is a
pattern of deviation with age. For both periods, rates
for ages less than 25 are overestimated by the model
whilst rates above age 25 are underestimated. This is
due to the rates at younger ages being considerably lower
than is expected from those at older ages, and could be
the result of declining fertility at young ages or of
use of an inappropriate pattern of fertility to redistri-
bute reported mean parities for young cohorts. (The
possibility of increasing fertility at older ages, which
would produce the same pattern in the deviations, is
rejected because of the clear fall in total fertility

between the two periods.)



Table A6.2ml: Graduated and fitted cumulative fertility

rates; Bangladesh Fertility Survey, 1975

Period: years before survey

0-4 5-9

Age graduated fitted difference graduated fitted difference
@D @ a-2 @D @ a-2

(10-14) * (.04000) (.05434) (-.01434) (.04000) (.25213) (--21213)
15-19 .58500 .79405 -.20905 .81667 1.34389 -.52722
20-24 2.10661 2.21296 -.10635 2.47181 2.75236 -.28055
25-29 3.73741 3.66607 .07134 4.12564 4.05265 -07299
30-34 5.18386 5.00755 .17631 5.51834 5.25852 -25982
35-39 6.34459 6.20095 .14364 6.59954 6.40398 -19556
40-44 7.24053 7.15160 .08893 7.44850 7.44850 -
45-49 7.57921 7.57921 - 8.04484
TF 7.64257 8.17738
a 03042 -12050
R .78572 .65948

.37907 41210
0 -45579 51712
S/n -01991 -09355
n 6 S

* Age 10-14 not included in fitting procedure.



Results for Sri Lanka appear in Tables A6.2.2
and A6.2.3. Again the fits are poor compared to those
obtained for cohort rates. For women with 0-5 years
education the deviations show opposite trends with marked
differences in the pattern parameters for the two periods.
For women with 6+ years education, the pattern of devia-
tions is the same for both periods and suggests a decline
in fertility at younger ages.

Results for West New Guinea are shown in
Table A6.2.4. These show opposite trends for the two
periods, again accompanied by considerable differences in

the pattern parameters.



Table A6.2.2: Graduated and fitted cumulative fertility
rates; Sri Lanka Fertility Survey, 1975,

0-5 years education

Period: years before survey

0-4 5-9

Age graduated Tfitted difference graduated fitted difference

@D @ a-2 @D @ a-2
(10-14) * (.00350) (.00000) (.00350) (.00350) (.01205) (-.00855)
15-19 -05000 .01281 -03719 -13348 -35423 -.22075
20-24 -60315 -42698 17617 1.04902 1.25431 -.20529
25-29 1.55587 1.52521 -03066 2.37766 2.31318 -06448
30-34 2.59988 2.75581 -.15593 3.51852 3.35556 -16296
35-39 3.53838 3.69475 -.15637 4.39299 4.30996 -08303
40-44 4.05397 4.18601 -.13204 5.07164 5.07164 -
45-49 4.29167 4.29167 - 5.40436
TF 4.29630 5.45038
a -.46111 -.13217
6 1.20436 .80954
P .20478 -31940
Q .29988 -44506
S/n -01660 .02570
n 6 5

Age 10-14 not included in fitting procedure



Table A6.2.3: Graduated and fitted cumulative fertility
rates; Sri Lanka Fertility Survey, 1975,

6+ years education

Period ; years before survey

0-4 5-9

Age graduated fitted difference graduated fitted difference
CD (2) -2 @D @ a-2

(10-14) * (-00000) (-00095) (--00095) (-00000) (-00059) (-.00059)
15-19 .06550 -11626 -.05076 -06550 -10904 -.04354
20-24 .52450 .63262 -.10812 .56652 .66152 -.09500
25-29 1.31801 1.38268 -.06467 1.48484 1.49887 -.01403
30-34 2.29376 2.17827 .11549 2.50369 2.39299 .11070
35-39 3.08275 2.91292 .16983 3.30635 3.20985 -09650
40-44 3.57610 3.47328 .10282 3.81718 3.81718 -
45-49 3.69280 3.69280 - 4.04485
TF 3.71775 4.06895
a -.29863 -.31666
6 .87506 -89876

-25976 -25346
Q -41684 .40707
s/n .01200 -00654
n 6 5

Age 10-14 not included in fitting procedure



Table A6.2.4: Graduated and fitted cumulative fertility

rates; West New Guinea, 1961-62

Period : years before survey

0-4 5-9
Age graduated fitted difference graduated fitted difference
CD €3] a-2 @D @ a-2
(10-14) * (.00000) (.00033) (-.00033) (.00100) (.02347) (-.02247)
15-19 -19800 -20806 -.01006 -19900 -58243 -.38343
20-24 1.55400 1.46386 .09014 1.55323 1.88581 -.33258
25-29 3.25611 3.24943 -00668 3.25475 3.29733 -.04258
30-34 4.83227 4.91444 -.08217 4.76022 4.60497 .15525
35-39 6.04927 6.20002 -.15075 5.80071 5.74122 -05949
40-44 6.92979 6.97317 -.04338 6.60146 6.60146 -
45-49 7.19098 7.19098 - 6.95550
TE 7.20603 7.00074
a -.14112 -.01121
1.04217 -83390
.31614 -36375
Q -35269 .43435
S/n -00661 -05759
n 6 5

Age 10-14 not included in Ffitting procedure
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