Supplementary material. Tractable Bayesian variable selection:

beyond normality

1. IMOM PRIOR

The product iMOM prior density on 6, (Johnson and Rossell 2012) is given by
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pr(6y | 9,7) =[] eXp{}, (1)
ok Vb3 07

where by default gg = 0.133 assigns p(|6/91/2| > 0.2) = 0.99. Regarding the asymmetry parameter
& = atanh(a), the prior is pr(& | yp11 = 1) = &2\/ga/me92/3" and the default prior dispersions
are g, = 0.033 to obtain P(|&| > 0.1) = 0.99 and g, = 0.136 for P(|a| > 0.2) = 0.99.

2. PROOFS
For simplicity, we drop v from the notation in the proof of Propositions 1-4 and Corollay 1, given

that all arguments are conditional on a given model ~.

2.1 Proof of Proposition 1

We start by stating a useful lemma stating that positive definite hessian plus continuous gradient

guarantees concavity.

Lemma 1. Let f(0) be a function with continuous gradient g(0), for all @, and negative definite hes-
sian H(0) almost everywhere with respect to the Lebesgue measure. Then, f(0) is strictly concave.

If H(0) is negative semidefinite, then f(6) is concave.

Proof. Let 01 and 6, be two arbitrary values and denote 6, = (1 — w)#; + why where w € [0, 1].

Define h(w) = —f(0y), to show that f(#) is concave it suffices to see that h(w) is convex for



arbitrary (w, 61, 60s). Straightforward algebra shows that a%}h(w) = —g(0y)(02 — 61) and further
derivation shows that
82

Wh(w) = —(02 — 61)" H(0)(62 — 61) > 0,

since H(0) is negative definite (> 0 for negative semidefinite).
The second derivative %h(w) > 0 almost everywhere and the first derivative %h(w} is con-
tinuous, which implies that %h(w) is strictly increasing in w and hence h(w) is strictly convex

(non-strictly convex when H () is negative semidefinite). O

Proof of Proposition 1, Part (i)

The gradient g;(0,9,a) follows from straightforward algebra, which is obviously continuous
with respect to ¥ € RT and « € [—1,1]. To see continuity of g; (0,9, «) with respect to 0, consider
increasing a single #; for some j € {1,...,p} and fix the remaining elements in #, which we denote
0(—j)- Also denote z;_;) the subvector of z; obtained by removing z;;. Clearly, log L1(0, 9, ) is
quadratic in 6; with coefficients that stay constant until 6; increases beyond a value ¢ such that
an observation i* is added to or removed from A(0), i.e. y;» < xg:(fj)e(,j) + x4+;0; for 0; <t and
Yix > xz;(fj)ﬂ(,j) + x4+;0; for 0; > t. Taking the limit of the contribution of i* to log (L1(6,?, o))
as either ; — ¢~ or 6; — T we obtain

02 )2
lim (yz X 9@) — lim (yz Z; 91)

= O’
0,5t (14 «a)? 0,—t— (1 —a«)?

i.e. log (L1(0,9,)) is continuous. Similarly, taking the limits for the contribution to the first

partial derivative with respect to 6; gives

y 2(yie — w4+ ;)
m —— = _— =
0j—)f+ (1 + O[)Z Qjﬁt— (]. - O()Q

which proves that g1(6, ¥, «) is continuous.

Proof of Proposition 1, Part (ii)

The form of Hy(0,9, «) follows from easy algebra.



Proof of Proposition 1, Part (iii)

We start by noting that the maximum of the asymmetric-normal log-likelihood with respect to
(0, ) does not depend on ¥, hence we simply need to see that
XTW2x 2XTW?(y — X0)

H= ; (2)
20y — XO)TW’X  3(y — X0)TW2(y — X0)

is positive definite for almost all (¢, a)). Once we show this, by Part (i) and Lemma 1 we have that
there is a unique maximum.

To see that H is positive definite, we shall show that all its leading principal minors are positive.
Note that XTW?2X is the gram matrix corresponding to WX and is hence positive definite when
rank(WX) = p, or equivalently when rank(X) = p given that the effect of W is to simply re-scale
the rows of X. If rank(W X) < p then XTW?2X is positive semidefinite. Therefore, we just need to
check that det(H) > 0. Now, the usual formula for determinant based on submatrices gives that

det(H) = det(XTW?2X)det(B), where B =

3y — XO)TW(y — X0) — 4(y — XOTW X (XTW2X)XTW° (y — X0)

=3(y — X0)Tw? (I — §WX(XTW2X)1XTW)> W2(y — X6), (3)

is a scalar, I is the n x n identity matrix, as usual W is an n x n diagonal matrix with entries
1/(1+ a)? where the 4 depends on whether i € A(0) or i ¢ A(0), and similarly W is diagonal with
entries +(1 + «). All that is left is to see that B > 0. For ease of notation let us define Z = WX,

given that WW = diag(1/(1 4+ a)?) = W? we can write

B =3(y— X0)TWw? (I — §Z(ZTZ)_1ZT)> W2(y — X0) =

Ay — XO)VTWHI — 2(ZT 2) 1 Z2DYW2(y — X0) — (y — XO)T W W?2(y — X6) > 0

(y— XOTW2(I - Z2(ZTZ2) 1 ZTYW?(y — X0)
(y— XO)TW2W2(y — X0)

&4 —-1>0. (4)



To complete the proof, note that a = W?2(y — X6) € R™ is simply a vector and that the hat matrix
Z(ZT7Z)71Z" is symmetric and idempotent, which implies that it has rank(Z) eigenvalues equal to
1 and n —rank(Z) eigenvalues equal to 0. Thus I —Z(Z7Z)~'Z" has n—rank(Z) eigenvalues equal
to 1 and the remaining rank(Z) eigenvalues equal to 0. Given that n > rank(Z) by assumption,
I —Z(Z"Z)71ZT has at least one non-zero eigenvalue, which allows us to bound

a(l —2(ZT2)"'ZT)a -

T, =5

mingegn
a

which from (4) gives that B > 3 and hence that H is positive definite.

2.2 Proof of Proposition 2

Parts (i) and (ii) follow from straightforward algebra. For Part (iii) we first show that log Lo (6,9, @)
is (non-strictly) concave in (6, ) and then that when rank(X) = p it is strictly concave. To see
non-strict concavity note that —|y; — 27 0|/(vV9(14+a)) = —max{y; — 270,270 —y;} /(VI(1 + a)) is
the maximum of two (non-strictly) concave functions in (6, «) and hence also concave, from which
it follows that L3(6, %, «) is a sum of concave functions and thus concave.

For ease of notation let n = (6,9, ), we now show that log La(n) is stricly concave at any
arbitrary n; = (01,9, a1) as long as rank(X) = p. It is useful to note that Ha (0,9, ) is strictly
negative definite in «, as the corresponding minor —2|W?3(y — X6)|/vJ < 0. From the definition
of concavity and continuity of the log-likelihood, if log Lo(n) were concave but non-strictly concave
at 7 = mp then for some ny = (02,9, a2) # m we would have that log La(am + (1 — a)n) =
alog La(n1) + (1 — a)log La(n2) for all a € [0,1], i.e. log La(n) would be locally linear (in fact,
constant) along the direction defined by 72 — 11, and in particular log La(1n1) = log La(n2). From

its form

log La() = — 5 log(9) — (

2

Sica Vi — 210l Ciga lvi - sz0|>
+ ;
1+« 1—«

is locally linear in @ but clearly non-linear in «, implying that as = a;. More formally, it is easy
to see that for fixed 0; # 62 the roots of log La(n1) = log La(n2) in terms of ag are given by the

roots of a quadratic polynomial that are not linear in 2, thus the only possible linear solution is



as = a1. The problem is hence reduced to showing that there is no 6y sufficiently close to 6; such

that

Wy — X01)| = [W(y — X0)], ()

where | - | denotes the L; norm and as usual W is a diagonal matrix with (7,4) element (1 +a)~! if
i€ A(6p) and (1—a)~tifi & A(f), where we note that A(f) = A(6;) for , sufficiently close to 6,
and thus the same weighting matrix W can be used in left and right hand sides of (5). Expression
(5) is the L; error function featuring in median regression with re-scaled § = Wy and X = WX,

which is concave as long as p = rank(W X)) = rank(X), as we wished to prove.

2.3 Proof of Proposition 3

Two-piece normal errors (k = 1)

The proof strategy is as follows: we first show that the average log-likelihood My,(f,,?¥,a) =

1
—log L1(6y,7, ) converges to its expected value M (6,1, o) uniformly across (6,9, a) € I', and
n

*

later show that M (6,9, o) has a unique maximum (67,97, o

), which jointly satisfy the conditions
in Theorem 5.7 from van der Vaart (1998) for consistency of (57, 57, Q) N (65,95, a3).

We remark that Condition A3 is met for instance by deterministic sequences {x;} satisfying
the stated positive-definiteness condition and also by z; Hdy as long as E(r127) = X for some
positive definite 3, since then n~ ' X7 X %% ¥ by the strong law of large numbers, and given that
eigenvalues are continuous functions of X7 X by the continuous mapping theorem X7 X is positive

definite almost surely as n — oo. Finally, I' is assumed to contain the maximizer (Oi, v7, o@).

By the law of large numbers and the 4.7.d. assumption, we have that M, (6,,9, «) LS M(6,,9,a),



for each (64,9, «) € I'. Next, we prove that the limit M is finite for all (6,9, a) € I.

M (05,9, )| = |E [log s1(1|#] 6,9, )] ‘ < E||log 1 (y1]2T6;,9, )]

= [ [ NogsiwlaTo,0.0)ldSo(wlz)d¥ (1)

/ /yl <mf€w
/ /yl zm{%

For the first term in the last inequality we obtain, by integrating over the whole space, assumption

1 y1 — o1 0y
g ﬁﬁb (M) |d50(3/1’$1)d‘1’($1)

+

1 Y1 — TH
og ﬁﬁb (\/M) |d50(y1’$1)d‘1’($1)

A4 with j = 2, and the triangle inequality, the following upper bound

//’ ( _rif, >’d50(y1|561)d\1/(x1)
(1+a)

< Jlogvae| + [ [W- ) S0y fer)dw(ay) <

2191—1—

Analogously for the second term. Now, let ¥ = ¥* be an arbitrary fixed value for the (squared)
scale parameter. The aim now is to first show that the average log-likelihood M, (6,9*, a) =
n~!log L1 (6, 9*, a) converges to its expected value M (6., 9*, o) uniformly in (6., ), which implies
that ((9\7, Q) il (6%, a%), and to then exploit that 1?7 and ¥ have simple expressions to show that
1§7 £, 7. To see that M, (6, V", o) converges to M (6., 9", a) uniformly in (6., o) we use the result
in Proposition 1 that for positive-definite X7 X (which holds for n > ng) we have that M, (6., 9*, @)
is a sequence of concave functions in (6, o), which by the convexity lemma in Pollard (1991) (see

also Theorem 10.8 from Rockafellar (2015)) implies that

sup | My (65, 9%, ) — M(6,, 9%, a)] =0, (6)
(04,0)eK

for each compact set K C T', and also that M (6., 9*,a) is finite and concave in (6, «) and thus

has a unique maximum (03, ). That is, for a distance measure d() and every € > 0 we have

sup M (0,9, a) < M(07,9%,a%). (7)
d((02,0%,02),(0,0% ) >e



The consistency of (57,&7) N (03, a%) follows directly from (6) and (7) together with Theorem

5.7 from van der Vaart (1998). To see that 1, L, %, note first that from

_ wT 2
M (0, 9", a) = —log (V2r0*) — 2;* /[Wl(yl <270 .
+ Wf(yl > xill“e’y) dSO(y1’$1>d\I/(x1),

we see that (67, ) does not depend on 9%, thus (67, o) is a global maximum. From (8) M (65,9, o)

trivially has the maximizer

19;:/

and from the likelihood equations we have that

(y1 — 21 6%)?
(1+az)?

(1 — 21 6)?

(1—az)?

Iy <2163) +

I(y1 > 331T9§)] dSo(y1|z1)d¥ (z1),

1 (& (i —2l6,)? S (yi—al)? 5
Oy =~ ST Ty <l 0,) + S Iy > 2l 0,) | 9)
o (; (1+a,)? ! (1—ay)? !
In order to simplify notation, let us define
(i — 27 0,)° Ty, Wi —ai0y)” T
p(yi’xiag’y’a) = (1 n a)g I(yz < Z; g’y) + (1 — (1)2 I(yl > T 0’)/)

Then, by the triangle inequality

n

1
19"/ - n Zp(yi7xi7 0:7 aiky)
i=1

1 n
5 le(y’bvxla 03;7 (X:) - 19:/ .
1=

+

For the second term it follows, by the law of large numbers, that

1 * * *
- > p(yi, w3, 05, a%) — 0

‘ n
i=1




For the first term we have

n
~

1 n ~ * *
Uy — n Zp(yi)xia 9:,043) = | Mn(0y,1/2,a,) — Mn(ew 1/2, a“/)
i=1

IN

My (0,1/2,8,) = M(8,,1/2,4)

+ |M(0y,1/2,a,) — M(63,1/2,02)
+ [M(63,1/2,0%) — My(603,1/2,0%)
< 2 sup [My(0y,1/2,0) = M(6,,1/2, 0

(64,a)el’

+ | M@,1/2.8) - M(©3,1/2,0)

By using (6), the consistency of (57,&7), and the continuous mapping theorem it follows that

o~

1 —~
Uy — - > i1 p(Yis iy 03, %) £o. Consequently, 9 i %, which completes the proof.

Two-piece Laplace errors (k = 2)

1

The proof strategy is analogous to that with & = 1. Denote M,(0,,9,a) = —logLa(0,,7,a).
n

By the law of large numbers, we have that M, (6,7, o) Lt M(0,,9,a), for each (0.,,9,a) € I

Moreover,

M (0,,9,0)| = |E [log ss(y1|210,, 9, 0)] | < E [|log sa(y1]2] 05,9, )

= [ 110gsa(31 12765, 9. @)l S0l A a1)

/y<a:T97

_l’_

Y1 — 1‘1T97

1
o ﬁf <\/1§(1 + )

) ‘dso(yl‘$1)d\1/($1)

Y1 — 95{97

1
e ! (W(l ~a)

) ‘dSo(yﬂm)d‘P(ﬂﬂ)?

y1>2] 6,

where f(z) = 0.5exp(—|z|). For the first term in the last inequality we have, by integrating over

the whole space and the triangle inequality, the following upper bound
1 — 70
f <M> ‘dso(yl\ml)d‘l’(m)

/ logﬁ VI(1 + )

— Ty ’
< |log2vd +/|ylx”ds AW (z) < oo,
< |log | \/5(1+a) 0(y1]z1)d¥(ry) < o0




where the finiteness follows by assumption A4 with j = 1. An analogous result is obtained for the
second term. Now, let ¥ = ¥* be an arbitrary fixed value for the (squared) scale parameter. From
Proposition 2, it follows that for positive-definite X7 X (which is guaranteed by assumption A2, for
n > ng) we have that M, (0,,9*,«) is concave in (#, «), which by the convexity lemma in Pollard

(1991) implies that

sup ’Mn(07719*7a) _M(07719*705)| i) 07 (10)
(04,0)eK

for any compact set K C I', and also that M (6, 9*, a) is concave in (6., ) and thus has a unique

maximum (67, o). That is, for a distance measure d() and every € > 0 we have

sup M (0,9%, o) < M (07,9, ). (11)
d((0%,9%,0%),(0~,9% ) >e

The consistency of (57, Q) N (0, ) follows directly from (10) and (11) together with Theorem

5.7 from van der Vaart (1998). To see that 1@, N %, note first that from

M(0,,9%,a) = —log (2\/@ \/»/Pyl at W‘I(y <210,) (12)

‘yl — x{a"/‘ (

T 1 05)| dSo(y|z1) ¥ (21),

we see that (67, ) does not depend on 9%, thus (67, ) is a global maximum. From (8) M (65,9, o)

trivially has the maximizer

19;—{/

and from the likelihood equations we have that

|y1 —3719*|
1+«

’yl — I 9*|

I(y1<x19> 1—

2
I(yl > x Tox )] dSo(yﬂ(IZl)d\I/(afl)} R

’Y

2
l (Z lyi — 270 W I(y; éx;@HM I(y: >x,~T§7)>] , (13)

l—i—a7 1—047



Let us define

lyi — a7 0, lyi — a6, |
p(Yis @i, by, ) = ﬁl(yi <xzl6,)+ ﬁ-’(% >z 6,).

Then, by the triangle inequality

V- i <

- 72/) y’laxuefyaa

1 n
+ gzzzlp(yl7$170:7a:) Y 19’}/ .

For the second term in the right-hand side of the last equation, it follows, by the law of large

numbers and the continuous mapping theorem, that

1 « v [oe| P
gz;p(yhxi)g'y?a'y)_ /&?; =0
1=

For the first term we have

|\/ _*Zp yu%ﬁwa ) = (977 , & ) Mn(ef/alvaj;)
S (977 e )_M(é\’hlaa’)’)‘
+ [M(8,,1,8,) — M(62,1,02)
+ (9;,1,(1 ) Mn(9§,1,a§)
< 2 sup |My(0,,1,0) — M(64,1,0)]
(0y,0)€T
+ | M(8,1,6,) - M(83,1,0%)|.

By using (10), the consistency of (év,av) and the continuous mapping theorem it follows that

‘\/ ZZ 1 P(yiy x4, 03, o ) Zo. Consequently, 19 i v, which completes the proof.

2.4 Proof of Proposition 4

Two-piece normal errors (k = 1)

The proof technique consists of showing first that 72, (y1, 1) is dominated by an L? function (square
integrable), K (y1, 1), for n in a neighborhood of 7}. Then, we prove that the function Pm;,, admits

a second-order Taylor expansion at n} and that the matrix Viz is nonsingular. Finally, we appeal

10



to the consistency result in Proposition 3 in order to apply Theorem 5.23 of van der Vaart (1998)
to prove the asymptotic normality of 7.

We first note that under assumptions A1-A4, where A4 is assumed to be satisfied for j = 4
throughout, Proposition 3 implies the existence and uniqueness of nJ. The gradient of my(y1, 1),
which is given by (i) in Proposition 1 (with n = 1), is bounded for all € I" and for each (y1,z1),
due to the compactness of I'. Now, a direct application of the Minkowski inequality implies that
|| (y1,21)|| is upper bounded by the sum of the absolute values of the entries of 77, (y1,1).
Let us now define K(y1,z1) = SUPpes, . [y (y1, 21)||, where By C I' is any neighborhood of 773,
whose projection over 0 coincides with Bg;. Thus, from the expression of 1, (y1, 1) together with

assumption A4, it follows that

/K(yl,xl)zng(yﬂxl)d\II(xl) < o0,

Then, by using the mean value theorem and the Cauchy-Schwartz inequality, it follows that for

n1, M2 € By,, with probability 1,

My, (y1, 1) — My (y1, 21)| = 1, (y1, 21) " (1 — )

<Al (s )] - [l — 2|l

< Ky, z1) - [lm — n2ll;
where 1, = (1 — ¢)n1 + cng, for some ¢ € (0,1).
Now, for each z1:
1 1
Pmy ., = Elmy,|z1] = —§log(27r) ~3 log()
1 zTo, T
- —270.)%d
2001 + )’ /_Oo (y1 — 21 65)"dSo(y1|z1)
1 > Ty \2
ST oy, 1~ 0 S0tk

11



Thus, the gradient of Pm,,, is given by

0 xy Ty
—_p = — I I
a6, "l di+ar T oa—ap®
0 1 I3 1
“p -
g’ Ml 20 T 2P(11a) 221 —a)’
sz = I3 — Iy
da e I1+a)P 91— a)®
Then, the second derivative matrix is given by
0? Prm 127 [(1 + @)% — 4aSo(2T 0, |21)]
g o = -
092" 9(1 — a?)?
g9z e T 992 T 914 a2 B(1—a)?
H? 315 31y
7Pm77|x1 = - 4 47
da? J1+a)t 91l —a)
0? x1 Ty
9 p - I — I
o000, e P21 +a)2 t P2(1—a)p2?
82 21’1 21’1
P = I I
9006, "M T it ap T oI —ap
o? I I
Y p - _
990a e PA+ap P —a)p

)

zTo 0o zTo
where Iy = [.07 So(yala1)dyy, and I = [Fy [1 = So(yilz1)]dyn, Is = [0 (yr1—a1 05)?dSo(y1|21),

and Iy = 1551%97 (y1 — 2760,)2dSo(y1]|z1). These entries are finite for all n € T’ by assumption A4.

Note that Pm,, = E[Pm,,, |, where the expectation is taken over z;. Assumptions A1-A4 together

with Proposition (3) imply that Pm,, is finite and that this expectation is concave and has a unique

maximum at 77:;. From assumption A5,

0 0
8767Pmn ) = K [a&ypmnw1‘| ) = 0,
n=n3 n=n
0 0
6™ = B [aapmmxl] =0,
n=ny n=n
82 2
which in turn imply that mpmn = 0 and EXER

12

Pmy = 0 at n = n3. Thus, the matrix

of



second derivatives evaluated at 7} has the following structure:

o2 i
—_P = _p
62" " " Gvaa’ ™
_ o
V’Z - 0 men 0
o2 02
o000’ ™Y Frea

Consequently, the determinant of this matrix is given by

o2 o2
) 2 Pm, ———Pm,
det V, = :mpmn x det %923 31;?@
909a’ "1 gazt

The determinant on the right-hand side of this expression, evaluated at 77, is non-zero since the
Pm,, is concave with respect to (6, a), as shown in Proposition 3. Moreover, the fact that the first

0
derivative %Pm77 = 0 at n = n together with the fact that 7] is the unique maximizer implies
2

that WPm77 # 0. Consequently, the matrix of second derivatives of Pm, is nonsingular at 7.

The asymptotic normality result follows by Theorem 5.23 from van der Vaart (1998).

Two-piece Laplace errors (k = 2)

First, we note that under assumptions A1-A4, where j = 2 in A4 throughout, Proposition 3 implies
the existence and uniqueness of 7). The gradient of m,, (y1, 1), which is given by (i) in Proposition
2 (with n = 1), is bounded for almost all n € " and for each (y1,z1), due to the compactness of T
Now, a direct application of the Minkowski inequality implies that ||, (y1,21)|| is upper bounded

almost surely by the sum of the absolute values of the entries of 7, (y1,21). Let us now define

K(yp,x1) = supnegn; 1y (Y1, 21)||, where By: C T is any neighborhood of 73, whose projection

over ¢, coincides with 89;. Thus, from the expression of 1, (y1,21) together with assumption A4,

it follows that

/K(yl,xl)QdSO(yllxl)d‘I/(xl) < 00,
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Then, by using the mean value theorem and the Cauchy-Schwartz inequality, it follows that for

n1,MN2 € Bn;, with probability 1,

My (Y1, 1) — My (y1, 21)| = 1, (y1, 21) T (1 — )

IN

[y, (yrs 2] - [l — n2|]

< K(y1,$1) : H771 - 772H7

where 1, = (1 — ¢)n1 + eng, for some ¢ € (0,1).

Now, for each z1:

1 1 S
Prje, <Epmyjer] = —log(2) ~ 51o8(0) ~ s [ Solunben)an
1 o0
- = 1-25 dyi.
V(1 — ) /zm ol )y

Then, the gradient of Pm,,, is given by

iPm _ 7.%150(.%{9’”331) 33‘1[1 - So(affﬁﬂxl)]
96, e V(1 +a) Vi(l—a)
ng _ 1 . I . I

gy e 20 ' 232(1+a)  2032(1—aq)’

0 Pm _ L B I

Do Ml VOl +a)?2 Vil —a)?’

T
where I; = fféf”’ So(y1]z1)dy, and Iy = f:;?&, 1 — So(y1|x1)dys, which are finite by assumption A4.

14



Then, the second derivative matrix is given by

iQPm | = _21‘1m¥150(x1T9ﬂ/‘x1)

89% nir1 \/@(1 _ CKQ) )

P, L 3n 3D

0o n|z1 \/5(1 + a)3 \/5(1 _ a)?”
O L aShffe) @l = So(e]6y]a)
0006, nlz1 203/2(1 + ) 2032(1 —a)
P L oSl | ll - St )
872 - _ Il + 1'2
090« n|z1 2'[93/2(1 + a)2 2193/2(1 _ a)2 .

These entries are finite for all n € I' by assumption A4. Note that Pm, = E[Pm where the

77\961]7
expectation is taken over x1. Assumptions A1-A4 together with Proposition 3, imply that Pm,, is

finite and that this expectation is concave and has a unique maximum at 7. From assumption A5,

0 0
T%Pmn = B lagvpmnx1‘| =0,
n=n3 n=ns
0 0
%Pmﬁ = E [aapmﬁbm] =0,
n=ny n=n3
0? 0?
which in turn imply that umn =0 and umn =0 at n = 7. Thus, it follows that the

matrix of second derivatives evaluated at 7} has the structure:

0? 0?
aiegfpmn 0 7aﬁ8a Pmn
_ 0?
V77 - 0 men 0
0? 0?
ovoa’ "m0 9oz’ ™
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Consequently, the determinant of this matrix is given by

0? 92
2 7Pm77 7Pm7]
et Vy = oo Py x det | 0% 9900

9 p 9 p
990 " Bz T

The determinant on the right-hand side of this expression, evaluated at 7, is non-zero since the
Pm,, is concave with respect to (6, a), as shown in Proposition 3. Moreover, the fact that the first
0
derivative %Pm77 = 0 at n = 77 together with the fact that 77 is the unique maximizer implies
2

that men # 0. Consequently, the matrix of second derivatives of Pm, is nonsingular at 7.

The asymptotic normality result follows by Theorem 5.23 from van der Vaart (1998).
2.5 Proof of Corollary 1

The result when ¢; ~ L(0,9) follows directly from Pollard (1991) Theorem 1, hence it suffices to find

the expression for fy under each assumed residual distribution. The median for a general two-piece

distribution with a mode at 0 is given by vJ(1+a)F = (ﬁ) if & > 0and VO(1—a)F~! (gl(izg)
if « < 0, where F(+) is the cdf of the standard underlying distribution with mode 0, ¥ = 1 (Arellano-
Valle et al. (2005), Expression (9)).

When ¢; ~ N(0,9) we have m = 0 and hence fo = N(0;0,9) = 1/(v/279). When ¢ ~

AN(0,9, a) we have m = VI(14+a)®~1(0.5/(1+a)) if « > 0 and m = vVI(1—a)®~1(0.5(1—2a) /(1

1+|af Noo

For the Laplace and Asymmetric Laplace, we note that the inverse cdf of the standard Laplace distri-

2
a)) if @ < 0, where ®~1(-) is the inverse standard cdf, and hence fy = exp {—% (<I>*1 ( 0.5 )) } e

bution evaluated at a quantile g € [0,1] is F~1(q) = log(2q) if ¢ < 0.5 and F~1(q) = —log(2(1—q))
if ¢ > 0.5. When ¢; ~ L(0,9) we have m = 0 and fy = 1/(2v/9). Finally, when ¢; ~ AL(0,9, a) we
have m = —v3I(1 + a)log(1 4+ «) if & > 0 and m = V(1 — a)log(1 — «) if a < 0, from which it

S _ -1
follows that fo = VG exp{—log(l+ |a|)} = VIR

The results for the true Normal model follows by using classic asymptotic results on least square

estimators (see e.g. Newey and Powell (1987))

16



2.6 Proof of Proposition 5

We provide the proof for the asymmetric Normal and asymmetric Laplace (« # 0), their sym-
metric counterparts follow as particular cases. 7, = (0,,9,,ay) denotes the parameter vector
under model v, 7, the MLE and 7, the posterior mode for a given observed (y, X). Further,
My(ny) = E(log Li(n,)) where the expectation is with respect to the data-generating truth and
17y = argmaxyer, Mjy(ny) is the optimal parameter value under v. We wish to characterize the

asymptotic behaviour of the Laplace-approximated Bayes factors

N

Py | v) _ Jlog Li(ily)—log Ly (7,+)

) | e | Hil)
w1 7) o SO

(1
S , (14)
Py [ 7%) | Hy(77,))

D=

when (y, X) arise from the data-generating model in Condition A1, which may differ from the
P~*x
assumed model. The term (27) e is a constant since p, and p.,- are fixed. The expression for

H; is given by (24) and recall that for Hy we are taking the asymptotic covariance in (26). Hence

1 _
—LlxTx_ _z 0
" Uy (1 — o?%) V4 (1-a2)
Ho (1) = nPY H =nP T _ 1
| 2(777)‘ 2(777) m(l_d%) 2 0
2
0 0 T 1-a2

The determinant converges in probability to a negative constant since 7, L, ny by Proposition 3,

together with the continuous mapping theorem and the asymptotic Hessian (the limiting —Hs) be-

_ .l P
|Hi(71y)]2 —

Py —P~*
ing positive definite. An analogous argument applies to Hy, hencen™ 2 | | H,(77+) 2

P~k —P
a3 for some constant az > 0. In other words, ]Hk(ﬁy*)\%ﬂHk(ﬁv)ﬁ =0, (n 3 W).
The proof strategy is to first show that when My (n3) — Mg(n3-) <0 (i.e. v* ¢ ) the log-first
term of the right hand in (14) behaves asymptotically in probability as —na;, for some constant

a1 > 0, and the logarithm of the second term converges in probability to a constant as. Thus,

1 Py | ) 1 Py — Dy P
log< e )) a1+ 0,(1) + (a2+”27(a3—1og(n))) P g

where a3 = log(2m) —log(ds), as we wish to prove. Subsequently we shall show that when My (n>) —

My (n5+) = 0 (the case v* C ) the first term is essentially the likelihood ratio test statistic and is
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O,(1), whereas, analogously to the results in Johnson and Rossell (2010) and Rossell and Telesca
(2017), the second term converges to a positive constant under local priors, but it is O,,(Bn) where
by, = nP+* ~Pv under the pMOM prior and b,, = e~¢V™ for some ¢ > 0 under the peMOM prior. This

gives
Pyx —Py

pyly) WO (i n _
ﬁ(y | 7*) - Op(bn)Op < > Op(bn)

P~* =Py P~* =Py
where b, =n 5 for local priors, by, = n3®+*~P4)/2 for the pMOM prior and b, = e~ Vip =3

for the peMOM prior, as we wish to prove.

Consider first the case when v* ¢ v, which implies M (n5) — Mg(n3+) < 0. Then by continuity
of p(ny | v) we have that p(7 | ) £, p(n% | ) = 0, and analogously p(7y+ | 7) P, p(my« |v*) >0
(strict positivity is ensured by the assumption of prior positivity at 7}.). Hence p(7jy | v)/p(7}y+ |
¥) i> as for some constant as > 0. Note that as = 0 when 0§ contains some zeroes and hence a
non-local prior would take the value p(nﬁ | 7v) = 0, but this gives even faster Bayes factor rates in
favor of v*. Regarding log Lj(7}y) — log L(7+), the law of large numbers and uniform convergence
of log Ly, to its expected value shown in Proposition 3 give that

(log Li(7y) — log (i) = (My(05) — Me(s2-) <0, (15)
hence the constant a; defined above is a1 = M(n}.) — Mg(n3) > 0.
Next consider the case when v* C v, which implies My (n}) — Mg(n3+) = 0. Since 7, £, 5 by

Proposition 3, we have that under a local prior

) P pny ) S0 (16)

Under a non-local prior we still have p(n,+ | v*) > 0 but in contrast p(n, | v) = 0. Thus,
it is necessary to characterize the rate at which the latter term vanishes. Briefly, following the
proof of Theorem 1 in Koenker and Bassett (1982), the fact that log Ly converges uniformly to
its expectation (see the proof of our Proposition 3) and consistency of 7, £, 15 give that log Ly,
can be approximated by a quadratic function plus a term that is op(1). Then, the argument

leading to Rossell and Telesca (2017), Proposition 2(i), gives that 6.; — éw‘ = Op(1/n) and thus
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0; = O,(n~'/2) under the pMOM prior pys, whereas 6.; = O,(n~'/*) under the peMOM prior pp.
It follows that mar(6,) = Op(1) Tlp: 40035 = Op(n~®r=P1)), and mp(7]) = Op(1) Iy 20 /8 —
O,(e=eV™) for some ¢ > 0, as desired.

To conclude the proof, since log Ly (7)) — log L(7y+) = A(y) + 0p(1) where A(y) = log Ly (7)) —
log Ly (7)+) is the likelihood ratio (LR) statistic, it only remains to show that A(y) = Op(1).

The strategy is to see that A(y) = A(y;9%)(1 + 0p(1)), where A(y;93) = long(Gv,ﬂw y) —

log Lk(Q7 -, U3, a) is the LR obtained by plugging in the oracle v, = U3+, then use classical results

to prove that A(y;¥%) = Op(1). Taking derivatives of the likelihoods (Expressions (3) and (4) in

the main paper) shows that for £ = 1 the MLE must satisfy

~

1
7.9725

(E:(%1+bv'+§: x§)>:i@“*maﬁwﬁ@@‘xﬁﬂ

i€ A(0) iz A(9)

whereas for k£ = 2 it satisfies

Sl lyi — 70, i —alo, |\ 1 1
2 — AN Tt a1 e T TN} X
T ( 2 (1+4a) t 2 (1-a) mUGINC )l

i€ A(0) igA8)

Plugging 157 into the likelihoods gives

n 9.
A =——1lo i
(y) 5 g(q%ak)

:_?%%iﬁ+qﬂ»=Mmﬁm+%ﬂD (17)
-

_gbgc%f%:ﬁ“>:_ﬁﬁg;ﬁm1+%a»

)

since by Proposition 3 157* il U3+« >0 and (57 - 1%)/57* 0.
Finally we show that A(y; ¥%) = Op(1), which implies A(y; 95)(1+0,(1)) = ( ) and completes
the proof. For ease of notation when k£ = 1 define Z,(y) = (v — X, 6. DIW ( - X, 6. ) and

1

2(7) = (y = X,0,)"Wg. - (y = X,0,), and when k = 2 let Z(y) = [W7 _(y - X,0,), Z(7) =

97,
1 .
\Wéva*(y — X,0+)|. Then by definition

Zn(1") = Zn(7)

20%

My;9%) =

v (18)
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Now, note that Z,(v) = Z(v) + Z(7)(Zn(v) — Z(7))/Z(y) = Z(v)(1 + 0p(1)), since Proposition
3 gives that 1Z,(7) il Oy, 1Z(7) il ¥, and hence (Z,(y) — Z(v))/Z(7) 0. Following the

same argument Z,(v*) = Z(v*)(1 + 0p(1)), hence

A(y:9%) = Z(v") = 2() ;09;:(2(7*) —Z0) _ Z(v*;; Z0) (1 4 op(1)). (19)
Y v

The term (Z(v*) — Z(7))/?% is the LR test statistic for fixed (J7, o) comparing v and v* C 7.

When k = 2 this is a quantile regression LR test statistic, which Koenker and Bassett (1982)
showed to be asymptotically X?’v*pw* (after rescaling by a constant) precisely under our Conditions
A2-A3. When k = 1, (Z(v") — Z(v))/V5 is the LR test statistic for a weighted least squares
problem regressing § = Wy« o+y on X = W+ o+ X, which can be shown to be O,(1) under the
conditions in Proposition 4. Briefly, as usual for any - the total sum of squares can be decomposed

as 7 = 07 XT X0, + (5 — X,0,)7 (5 — X, 6,), hence Z(7*) = Z(7) =

o~

(7 — X’Y*H’Y*)T(Q — Xy 0y) = (5 — XVHW)T@ — Xyby) = §$X7TX797 -

>

o o -
TXLX 0, (20)

Without loss of generality let X, = ()ZZ, , )Z'W\A/*), where X”/\v* are the columns in )~(7 not contained
in XV*. Let R = (I — X, (XWT*XV*)—U?V*)XW\V* be orthogonal to the projection of X, onto
Xv*’ then clearly X;F*R = 0 and (XW*,R) span the column space of )N(V. Hence %FXWTXV@Y =
07. XT. X -0, + 01, RT ROR, where O = (R"R)~'RTy, giving that Z(v*) — Z(v) = 05 RTROg. By
Proposition 4, \/ﬁgR =Ny (0,95V) for a fixed positive-definite matrix V.

To conclude, our Conditions A3-A4 guarantee %RTR Iy r for some fixed ¥p and by the

1. 11 ~

continuous mapping theorem /nXz0p D, N(O,ﬁi‘yE}’%VEf%). Hence %%2303 D, Q, where
@ = O,(1) is a sum of re-scaled central chi-square random variables with 1 degree of freedom. By

Slutsky’s theorem %gz(’y) = #%(%RTR)@; L, Q, as we wished to prove.

2%

20



2.7 Proof of Corollary 2
The proof runs analogous to Rossell and Telesca (2017), Proposition 3(ii). Briefly, the BMA

estimate is E(6; | y) =

E@; | v 9)p(v [y)+ D> E@: [ v [ y)+ Y. EO: | v,9)p(y | y)- (21)
Y*Cy YLy

Suppose that 67 # 0. From Proposition 4, the difference between the MLE under v and
07 is Op(1/4/n), and it can be shown that the difference between a Laplace approximation to
E(6; | v,y) and the MLE is O,(1/y/n) hence E(6; | v,y) — 0F = Op(1/+/n). Since p(v* | v) 51
by Proposition 5, we have that E(0; | v*,y)p(v* | y) = 07 + Op(1/+/n). If 67 = 0 then by definition
E0; [ v*,y)p(v" | y) = 0.

Consider the second term in (21) where v* C 7,

p(v [ y) € 1/(L+ Byr yp(v*) /2(7)) < Byyrp(7)/p(7*) = Op (b )p(7) /p(v*) < Op(b )T,

where B.«. is the Bayes factor between ~+* and . From Proposition 5, we have that bg,,k) =
A Y v p

n~Pv=P+*)/2 for a local prior, b%k) = n=3Pv=P)/2 for the pMOM prior, and b%k) = e~V for
some ¢ > 0, for the peMOM and piMOM priors. Also, E(6; | v,y) = 6] + Op(1/y/n). Therefore,
if 0F # 0, we have E(6; | v,y)p(y | y) = Op(b))rt. If 6f = 0, then E(6; | v,y)p(y | y) =
Op(b%k)/\/ﬁ)p(fy)/p(fy*) < Op(bgc)/\/ﬁ)r*. The case for v* ¢ ~ proceeds similarly by noting that
by Proposition 5 we have By ,«r~ = Op(e”")r~ = Op(b%k)) for some ¢ > 0, since e~ “"'r~ = O(bslk))
by assumption.

Combining the previous results it follows that, if 87 # 0, then
E(0; | y) = 0; + Op(1/v/n) + Op(0)r" = 07 + Op(1/V/n), (22)

since byt = O,(1/+/n) by the assumption that r* does not increase with n. Conversely if 67 = 0,

then
E(0; | y) = Op(bF) /v/m)rT, (23)
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giving the desired result.

3. APPROXIMATIONS TO THE INTEGRATED LIKELIHOOD

For ease of notation, we drop the subindex k denoting the set of active variables and let 8 =
(61,...,0) be their coefficients. Both the Laplace and Importance Sampling approximations
require maximizing and evaluating the hessian of (0,9, &) = log L(0, 9, &) + log p(0, 9, &), where
L(-) and p(-) are the appropriate likelihood and prior density. Denote by g;(d,9, @) the gradient of

hi(+) and by H;(6, 9, @) its hessian, Algorithm 1 finds the posterior mode.
Algorithm 1. Posterior mode via Newton-Raphson

1. Initialize (0,9 &) = (8, log (D), atanh(@)) where (6,9, &) is the MLE given by Algorithm

1. Sett =1 and repeat Steps 2-3 until e is below some small tolerance (default 1075 ).

2. Update (00,90 a)) =

(=D, §U-1) 5=D) _ g1 (gt=D) §i=1) G(-1)g =1 =D s-1)y

3. Compute e = |[(0®), 91 a1y — (=1 HU=1) gE=1)||% where ||z||* is the largest element

of z in absolute value. Sett =1+ 1.

As usual, in the event that (0®),9®) a®) does not increase hy(-), Step 2 can be adjusted by
adding a constant A to the diagonal of H;(-), which for large A\ gives the direction of the gradient
and is guaranteed to decrease h;(-). However, we observed that this is extremely rare in practice.
Usually, the simple Newton step increases h;(-) at each iteration and converges to the maximum in
a few iterations.

Both g;(-) and H;(-) are the sum of a term coming from the log-likelihood plus a term coming
from the log-prior density. The exact expressions are given below separately.

As an alternative to Algorithm 1, we also provide Algorithm 2 based on Coordinate Descent
(i.e. successive univariate optimization). Note that the Newton steps to update #; and « are in
the direction of the gradient and are hence guaranteed to increase the objective function for small
enough . Step 2 takes advantage of the fact that the maximizer with respect to 9 for fixed (6, )

is available in closed form.
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Algorithm 2. Posterior mode via CDA
1. Initialize 80 to the least squares estimate, a9 =0, t = 0.

2. For the MOM prior set 9) =log (s/(n + p + 3ay)), where

— 2Tp®) . 2Tp)2
T w—(’) (yi — i 6)
(bﬂ—i_e + Z 1_|_at) + Z (1_a(t))2 ’

i€A(D) iZA(0)

For eMOM and iMOM use a Newton-Raphson step.
3. Forj=1,....,p

(a) Set A=1 and 0* = 9]('1;—1) — A\g*/h*, where g* and h* are the first and second derivatives
0 ) =logLi(6; /,..., N S , ) + logp(6 evaluated at
f1(0;) = log Ly(6y",...,6 7", 6;,0%) ... 68 90, a) + logp(6; | V) evaluated
6;=06\"".
* (t—1) () _ px _
(b) If f(07) > f(0; ) set ;" = 0%, else set A = 0.5\ and repeat Step 3-(1).
4. Let &* = a*=Y) — \g*/h*, where g* and h* are the first and second derivatives of f(&) =

log L1 (01,91, &) + logp(a) at & = a*D. If f(a*) > f(at) set o) = oF, else set

A = 0.5\ and repeat Step 4.

5. Compute e = max (01,90 1) — (9t 9= 5E=D)| Ife < 107> stop, else set t = t+1

and go back to Step 1.

3.1 Derivatives of the log-likelihood

Two-piece Normal Under the re-parameterization 9 = log(#9), @ = atanh(a) the two-piece Normal

log-likelihood (3) has gradient

T
s X Wy — X0)
-2+ 28}(;@ (y— X0)TW(y — X0) |,

1 TYx *
Ty Y — XO)T Wy — X0)
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where as usual W = diag(w), w; = [1+tanh(a)]~2 if i € A(f) and w; = [1 —tanh(&)]~2if i & A(0),
and W* = diag(w*) with w} = —% if i € A(f) and w; = % if i ¢ A(9). Its

Hessian is given by

XTwx XTW(y — X0) XTWH*(y — X0)
—e Ly —X0)TW(y—X60) —(y—X0)TW*(y - X0) |, (24)
3y — X)W (y — X6)

where W** = diag(w**), with wi* = 2744 (e2® + 2) if i € A(f) and w}* = 2e2¥ + 4e% if i ¢ A(6).

Two-piece Laplace The asymmetric Laplace log Ly (6,9, &), where 9 = log(d)), & = atanh(c) has

gradient
—e V2 x T
-5+ %6_5/2wT|y - X0 |-
e‘§/2|y - X0|Tw*

and hessian

0 1XTw XTw*
x| dwTx —twTly—X60| —ily—X0|Tw* |, (25)

(XTwn)T  —ily— X0|Tw* -2y — X0|Tw*

where w; = w; = (1 + )L, w}

Y=e2vif i€ A(9), and w; = (1 — )7, W; = —w; wf = €22,
w; = —w; if i ¢ A(f). Naturally, symmetric Laplace errors are the particular case a = 0 and give

w; = w; = 1.

Expected two-piece Laplace log-likelihood We derive Ly = E(log L2(n)), where n = (0,9, «) and

its derivatives under the data-generating model y; = x?@o + ¢;, for some 6y € RP where ¢; are
independent across ¢ = 1,...,n and arise from an arbitrary probability density function so(y;|z;).

After some algebra and noting that ¢; = y; — x7 0 gives
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T :/long(n)so(dx)de: —nlog(2) — & log() r f(1+ Zaral ™ 07000 Sy (e3)de;

1

b1 5y o e-a L = S

where Sy(€;) = So(€;]0) is the cumulative probability function associated to so(e;) = so(€;]0), where

0 indicates a zero covariate vector. Then taking derivatives we obtain

) :c,So T —05)  xi[l — So(zT (0 — 6p))]
7L — + 1 ,
9" Z 1+a) V(1= a)

0 — o1 I; L
T, = =
a0 ; 20 " 2052 (1 1 a) | 202(1—a)’

0 — il Iio
‘T, = _ :
0™ = L Vii+aR  Vi1-ap

T (6—6y)

where I;; = f e So(€i)dei, Iig = fﬁ(e—eo) 1 — Sp(€;)de;. The second derivatives are

(lgfz _ zn: 2z;2] so(] (6 — 6o))

062 Pt VIl —a?)

37212 _ i 1 311 _ 310

502 2292 " 1P +a)  405°(1—a)’
0% _ L 211 219

@IQ - Z\fl%—a 5 V(1 — )
wiSo(x] (0 — 00)) @[l — So(a] (6 — 6p))]

Lo =
0900 2 ; 2193/2(1 + a) 2193/2(1 —a) ’
82 — . Z .7}150 9 90)) $i[1 — So(x;f(ﬁ — 90))]
0000 T & f1+a> ViI(l—a)?
9?2 - I I;o
819804L2 - ; 2093/2(1 + )2 * 203/2(1 — )2’

Simple inspection reveals that (9/90) Ly = 0 implies (0?/0009) Ly = 0, and likewise (0/0a) Ly =

0 implies (9?/000a)Ly = 0. Since the maximum likelihood estimator ((/9\, 9, @) converges in prob-
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ability to the maximizer of Lo, these second derivatives evaluated at (5, '3, @) also converge in
probability to 0.

We wish to find an asymptotic expression for the remaining second derivatives evaluated at
(5, 5, @) when the data-generating truth is e; ~ AL(x7 6, 99, ag) for some (6, Jo, ag). Given that
(5, 5,&) £, (00,90, 0), the expressions above require evaluating the density of an asymmetric
Laplace s0(0) = 1/(2/d9) and its cumulative probability function Sy(0) = (1 + p)/2. Similarly,
direct integration gives I;; = v/Jo(1 + a)?/2 and iz = /Jo(1 — ap)?/2.

~T —XTXx—

oz 2 Jo(1 —ad)’

2 p n  3n(l+ay) 3(1—a) n

iy - _ — -

o022 T 292 82 802 492

ﬁf L 2n

da2 2 l4ap 1—oap 1—ad’

0> — p nT < 1 1 nT
——— Ly — + ): : 26
5000 Vi \3(1 +a0) T 20 —a0)) V(1 - (26)

3.2 Derivatives of the log-prior density

The log-prior density is log p(#,7) = logp(# | ¥) + log p(9) when & = 0 under the assumed model
and logp(6,9,a) = logp(h,9) + logp(d) when & # 0, where p(f | 9) and p(@) are the pMOM,
piMOM or peMOM priors and p(d) = IG(eﬁ;aﬁ/2,bﬁ/2)eﬁ. For ease of notation let 6~% be the

vector with elements 0;  for i = 1,..., |k|.

pMOM prior Straightforward algebra gives
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2071 — 67 /g
Viogpy(0.0.8) = | L2 4 (676 /gy + by)e™?/2 |

?

26"t —agy!

diag(—260—2 — e‘ﬁ/gg) 96_79/99 0
V*log par (6,9, &) = 0Te=7 /gq —e= (670 gp + bg) /2 0
0 0 —2a72% — g1

piMOM prior We obtain

—20~1 + 2gge’§0*3
Vlogps(0,9,d) = (k] = ag)/2 + bye=? /2 — gge? S0
—2a~! — 2gqa
diag(20=2 — 6gge’§¢9_4) 299659_3 0
V?logpi(0,9,d) = (—2g96’§9_3)T —bge_5/2 — eﬁgg >, 072 0
0 0 2672 + 6g,a*

peMOM prior We obtain

2996&9*3 — 66*590_1

Viogpr(0,9,a) = | —(|k| + ay)/2 + (by + 9T9/g9)e*1§/2 — goe? S0

29003 — agy !

and VZlog pp(6,9,d) =

diabg(—Gggeﬁﬁ_4 — 6_599_1) 2996150_3 + 96_599_1 0
(2007072 +0e gy )T —(bg +070/g9)e " /2 — €795 3, 0; 0
0 0 —6gac — gt

27



3.3 Quadratic approximation to asymmetric Laplace log-likelihood

The goal is to approximate the curvature of the one-dimensional function f(\) = log Ly (65, U, &)
around A\ = 0, where 6, = (51, e ,é\j,l,gj + )\,éjﬂ, o ,é\p) is fixed to the maximum likelihood
estimator except for the j** regression parameter, which is a function of A € R. Given that f(0)
is known and that its derivative at A = 0 is 0 (0 is a maximum) we seek hi < 0 such that
fA) = f(0) = O.5h}'f)\2. Our strategy is to evaluate f(\x) on a grid A\, for k =1,..., K and use the
least-squares estimate h} = 2 SR N (FO%) — £(0)/ 5, X, where the form of log Ly gives the

simple expression

I(’I"i < )\kl‘w) I(?“Z' > )\kl‘lj))
= + = )
14+« 1—a

FOu) = 50 = == 3= e
i=1

and r; = vy; — :L‘;fé\ Once hj,...,h; have been obtained we let D = diag( T/ﬁn,...,h;/ﬁpp)
where H = (X7X)/(9(1 — @2)) is the asymptotic hessian under asymmetric Laplace errors, and
we approximate the hessian of log Lo (0, 9, @) around 0 = 0 with H* = D3 HD3. The construction
ensures that the diagonal elements in H* are hi, ..., hy, i.e. the quadratic approximation matches
the actual curvature of log Lo along each canonical axis. From Section 4 the correlation struc-
ture borrowed from H remains asymptotically valid as long as the residuals are independent and
identically distributed, however in our experience the approximation usually suffices for practical
purposes even when these assumptions is violated.

The problem has been thus reduced to choosing the grid Ai,...,Ax. One naive option is to
take the n points of non-differentiability A\ = r;/x;;, however, by the nature of least squares, this
strategy tends to approximate better f()) for large A2 and we are interested in local approximations
around A = 0, further evaluating f()) at n points requires O(n?) operations for each j = 1,...,p
and is thus computationally costly. Instead we evaluate f(\) only at the K = 2 points given by
the endpoints of the asymptotic 95% confidence interval A = {—1.967;,1.967;) where T; is the
4t diagonal element in H'. This simple strategy ensures that the approximation holds locally
around A = 0 in the sense of having non-negligible likelihood, requires only O(n) operations and
we have observed to deliver reasonably accurate approximations in practice. Our approximation is

similar in spirit to the rank-based score test inversion used to obtain confidence intervals in quantile
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regression, which has been amply described to deliver fairly precise intervals, with the important
difference that rank inversion requires an ordering of observations that scales poorly with p and n.

Supplementary Figure 1S shows an example with the likelihood Lo (scaled to (0,1)) and the
two quadratic approximations based on the asymptotic covariance and its least-squares adjustment
for an intercept-only model (p = 1) and n = 200. When residuals were truly generated from
an asymmetric Laplace (left panel) the two quadratic approximations were essentially identical,
however under truly normally distributed residuals the asymptotic covariance over-estimated the

curvature.

[Figure 1 about here.]

4.  SUPPLEMENTARY RESULTS

[Table 1 about here.]

[Table 2 about here.]

4.1 Simulation study with identically distributed errors

[Table 3 about here.]

[Table 4 about here.]

[Figure 2 about here.]

[Figure 3 about here.]

[Table 5 about here.]

[Table 6 about here.]

[Figure 4 about here.]

[Figure 5 about here.]

[Figure 6 about here.]
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[Figure 7 about here.]

We assessed the sensitivity of the results of the p = 6 simulation study in Section 6.1 of the
main paper to the prior on the asymmetry coefficient by setting g, such that P(|a| > 0.1) = 0.99.
Supplementary Table 3S summarizes the inference on the error distribution and Supplementary
Figure 2S the marginal variable inclusion probabilities. The latter were virtually identical to those
in Figure 2 obtained under g, such that P(|a| > 0.2) = 0.99, showing that variable inclusion is
robust to moderate changes in g,.

We also assessed the accuracy of the Laplace approximations to the integrated likelihood p(y |
v) by comparing the results with those obtained with the importance sampling estimates with
B = 10,000 draws described in Section 5 of the main paper. Supplementary Figure 3S displays
the results for g, = 0.357. These are extremely similar to those based on Laplace approximation
in Figure 2.

Supplementary Figure 6S shows analogous results for p = 100, with g, = 0.357 and p(y | )

estimated via Laplace approximations.

4.2 Simulation study with non-identically distributed errors

[Table 7 about here.]

[Table 8 about here.]

[Figure 8 about here.]

[Table 9 about here.]

Supplementary Table 7S shows the mean average posterior probability assigned to the Normal,
asymmetric Normal, Laplace and asymmetric Laplace models under the heteroskedastic simulation
(Section 6.2, main manuscript).

Supplementary Figure 8S shows marginal variable inclusion probabilities under the hetero-
asymmetric simulation.

Supplementary Table 9S reports true and false positives for our simulation study mimicking

Griinwald and van Ommen (2014) described in Section 6.2 of the main manuscript.
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4.3 DLD data

[Table 10 about here.]
[Table 11 about here.]

Supplementary Table 10S shows the six genes with largest marginal inclusion probabilities
p(v; = 1 | y) when conditioning on Normal errors and when inferring the error distribution.
The figures were similar for the four top genes, but the Normal model assigned somewhat higher

probability to FBXL19 substantially lower probability to MTMRI.
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Figure 1S: Quadratic approximation to Lo (solid grey) with p = 1,n = 200 from asymptotic
covariance (dotted black) and least-squares adjustment (solid black). Left: ¢ ~ AL(0,2,—0.5);
Right: ¢; ~ N(0,2).
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Figure 6S: P(6; # 0 | y) for p = 100, ¥ = 2, 6 = (0,0.5,1,1.5,0,...,0), n = 100, p;; = 0.5. Black

circles show the mean.
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Simulation truth ¢; ~ AN(0,4, «)
Fitted model | a =0 | a=-0.25 | a=—-0.5 | a=-0.75

Normal 76.99 98.84 103.84 101.25
ANormal 92.08 86.10 102.60 115.64
Laplace 90.58 92.84 97.90 93.13
ALaplace 122.64 121.12 124.69 131.50

Simulation truth ¢; ~ AL(0, 4, a)
Fitted model | a=0 | a=-0.25 | a=—-0.5 | a = —0.75

Normal 76.62 96.05 99.85 97.78
ANormal 81.77 82.74 92.67 104.76
Laplace 90.29 93.42 92.88 91.25

ALaplace 117.30 113.69 115.08 122.79

Table 1S: CPU time (10~* seconds) on 3.4GHz Intel i7, 32Gb RAM, Windows 10. p = 6, ¥ = 4,
0 = (0,0.5,0.75,1,0,...,0), n = 100, p;; = 0.5.
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Simulation truth
N(0,4) | AN(0,4,-0.5) | L(0,4) | AL(0,4,—0.5)
Normal 6.9 29.7 6.4 32.9
ANormal 52.9 21.9 41.3 22.2
Laplace 17.0 28.2 14.6 26.6
ALaplace 57.7 26.4 26.7 22.4
Inferred 6.1 22.6 13.5 23.0

Table 2S: CPU time (seconds) on 8GB RAM Mac laptop with 1.6GHz Intel i5 processors running
OS X 10.11.6 p = 100, ¥ = 2, § = (0,0.5,0.75,1,0,...,0), n = 100, p;; = 0.5.
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Truth Average p(Vp+1, Vp+2 | V)
Yol =42 =0 W1 =1,%12=0 %11 =0,%2=1 Ypr1 =p12=0

p =6, go = 0.357, Laplace p(y | y)

N(0,2) 0.91 0.02 0.06 0.00

AN(0,2, —0.5) 0.11 0.81 0.01 0.06

L(0,2) 0.14 0.00 0.84 0.02

AL(0,2,-0.5) 0.02 0.12 0.01 0.85

p =6, go = 0.357, Monte Carlo p(v | y)

N(0,2) 0.91 0.02 0.06 0.00

AN(0,2, —0.5) 0.11 0.81 0.01 0.07

L(0,2) 0.12 0.01 0.85 0.02

AL(0,2, —0.5) 0.02 0.12 0.01 0.85
p =6, go = 0.087, Laplace p(y | y)

N(0,2) 0.87 0.07 0.06 0.01

AN(0,2,—0.5) 0.07 0.86 0.01 0.07

L(0,2) 0.13 0.01 0.79 0.07

AL(0,2, —0.5) 0.01 0.13 0.01 0.85

Table 3S: Simulation study for p = 6. Posterior probability of the 4 error distributions under ¢ = 2,
6 =(0,0.5,1,1.5,...,0), n =100, p;; = 0.5.
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Truth Average p(Vp+1, Vp+2 | V)
Yo+1 = W+2=0 w1 =L wm2=0 %1 =0,%pr2=1 Ypr1 =p2=0

p=101,0 =1

N(0,2) 0.91 0.01 0.08 0.00

AN(0, 2, —0.5) 0.03 0.86 0.00 0.11

L(0,2) 0.15 0.01 0.83 0.02

AL(0,2,-0.5) 0.00 0.13 0.01 0.86
=101, 0 =2

N(0,2) 0.89 0.01 0.10 0.00

AN(0,2,—0.5) 0.02 0.89 0.00 0.09

L(0,2) 0.15 0.01 0.82 0.02

AL(0,2,-0.5) 0.00 0.16 0.01 0.83
p=501, 0 =1

N(O, 2) 0.85 0.00 0.14 0.00

AN(0,2, —0.5) 0.01 0.85 0.01 0.14

L(0,2) 0.18 0.00 0.80 0.02

AL(0,2,-0.5) 0.00 0.15 0.00 0.84
p =501, 0 =2

N(0,2) 0.83 0.00 0.16 0.00

AN(0,2,—0.5) 0.00 0.87 0.00 0.12

L(0,2) 0.19 0.00 0.79 0.01

AL(0,2, —0.5) 0.00 0.22 0.00 0.77

Table 4S: Simulation study for p = 101, 501. Posterior probability of the 4 error distributions under
9o = 0.357, § = (0,0.5,1,1.5,...,0), n = 100, p;; = 0.5. Laplace approximation to p(y | v) was
used.

47



p =100 p = 500
p(oly) pG=2%) FP TP |pholy) pHF=%) FP TP
Truly e ~ N(0,1)
Normal 0.46 0.63 0.1 2.7 0.26 0.37 0.2 24
Two-piece Normal 0.43 0.63 0.2 27 0.24 0.38 0.3 24
Laplace 0.26 0.42 0.5 2.6 0.12 0.19 0.8 23
Two-piece Laplace 0.23 0.39 0.7 26 0.12 0.21 09 23
Inferred 0.45 0.62 0.2 2.7 0.25 0.37 0.2 24
LASSO-LS 0.00 12.4 3.0 0.00 204 2.9
LASSO-LAD 0.00 10.2 2.9 0.00 18.7 2.6
LASSO-QR 0.00 10.2 2.9 0.00 18.7 2.6
SCAD 0.07 42 29 0.01 7.3 28
Truly e ~ AN(0,1,-0.5)
Normal 0.38 0.55 0.2 2.6 0.21 0.34 0.5 24
Two-piece Normal 0.59 0.73 0.1 28 0.40 0.55 04 26
Laplace 0.20 0.35 0.7 2.5 0.07 0.14 1.2 24
Two-piece Laplace 0.33 0.48 0.5 2.7 0.18 0.32 1.1 2.5
Inferred 0.57 0.72 0.1 2.8 0.38 0.52 0.4 2.6
LASSO-LS 0.00 12.4 3.0 0.00 21.9 29
LASSO-LAD 0.00 9.8 2.8 0.00 18.1 2.6
LASSO-QR 0.00 9.0 2.9 0.00 15.1 2.7
SCAD 0.07 4.0 2.9 0.03 7.3 28
Truly e ~ L(0,1)
Normal 0.11 0.14 0.3 2.0 0.03 0.02 0.6 1.6
Two-piece Normal 0.11 0.15 0.3 2.1 0.04 0.04 1.1 1.7
Laplace 0.29 0.38 0.2 24 0.13 0.19 0.4 2.0
Two-piece Laplace 0.28 0.35 0.3 24 0.12 0.18 0.5 2.0
Inferred 0.28 0.38 0.2 24 0.12 0.18 0.4 2.0
LASSO-LS 0.00 11.3 2.8 0.00 214 25
LASSO-LAD 0.01 9.7 28 0.00 17.8 2.5
LASSO-QR 0.01 9.7 28 0.00 17.8 2.5
SCAD 0.02 5.0 2.7 0.00 9.0 24
Truly e ~ AL(0,—0.5)

Normal 0.07 0.10 04 1.9 0.02 0.02 1.1 1.5
Two-piece Normal 0.21 0.27 0.2 22 0.11 0.15 0.3 20
Laplace 0.16 0.19 04 2.1 0.05 0.07 0.7 1.8
Two-piece Laplace 0.43 0.51 0.2 2.5 0.27 0.34 04 23
Inferred 0.41 0.48 0.2 2.5 0.25 0.33 04 22
LASSO-LS 0.00 11.6 2.8 0.00 20.1 2.5
LASSO-LAD 0.00 9.9 2.7 0.00 175 2.3
LASSO-QR 0.00 9.0 2.8 0.00 15.2 2.5
SCAD 0.01 5.2 2.6 0.01 94 23

Table 5S: Simulation results under ¢ = 1. 7g: true predictors. 7: selected variables. CC: number
of correctly classified variables ( ?:1 I(7; = 705)). FP: number of false positives; TP: number of
true positives. LASSO-LAD and LASSO-QR are equivalent when o = 0
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p =100 p = 500
p(oly) pG=2%) FP TP |pholy) pHF=%) FP TP
Truly e ~ N(0,1)
Normal 0.01 0.01 04 1.2 0.00 0.00 0.8 0.9
Two-piece Normal 0.01 0.01 0.5 1.2 0.00 0.00 09 0.8
Laplace 0.00 0.00 0.7 1.1 0.00 0.00 1.0 0.8
Two-piece Laplace 0.00 0.01 0.8 1.1 0.00 0.00 1.1 0.8
Inferred 0.01 0.01 0.5 1.2 0.00 0.00 0.7 0.9
LASSO-LS 0.00 11.9 2.5 0.00 18.0 2.0
LASSO-LAD 0.00 8.9 2.0 0.00 15.6 1.4
LASSO-QR 0.00 8.9 2.0 0.00 156 14
SCAD 0.00 6.3 2.3 0.01 104 1.8
Truly e ~ AN(0,1,-0.5)
Normal 0.00 0.00 0.5 1.2 0.00 0.00 0.7 0.9
Two-piece Normal 0.01 0.01 04 14 0.00 0.01 0.7 1.1
Laplace 0.00 0.00 0.9 1.0 0.00 0.00 14 0.7
Two-piece Laplace 0.01 0.01 0.7 1.2 0.00 0.00 1.5 1.0
Inferred 0.01 0.01 04 1.4 0.00 0.01 0.9 1.0
LASSO-LS 0.00 11.0 24 0.00 194 1.9
LASSO-LAD 0.00 8.6 1.8 0.00 15.3 14
LASSO-QR 0.00 8.1 2.1 0.00 12.8 1.5
SCAD 0.00 6.1 2.1 0.00 10.1 1.8
Truly e ~ L(0,1)
Normal 0.01 0.01 0.4 1.3 0.00 0.00 0.8 0.9
Two-piece Normal 0.01 0.01 0.5 1.3 0.00 0.00 09 1.0
Laplace 0.05 0.06 0.4 1.7 0.01 0.01 0.7 1.2
Two-piece Laplace 0.05 0.07 04 1.7 0.01 0.01 0.8 1.2
Inferred 0.04 0.04 0.3 1.7 0.01 0.01 0.7 1.2
LASSO-LS 0.00 10.8 2.5 0.00 20.4 2.0
LASSO-LAD 0.01 9.3 2.5 0.00 17.1 2.0
LASSO-QR 0.01 9.3 2.5 0.00 17.1 2.0
SCAD 0.00 59 2.2 0.00 10.3 1.8
Truly e ~ AL(0,—0.5)

Normal 0.00 0.00 0.5 1.1 0.00 0.00 0.9 08
Two-piece Normal 0.02 0.01 04 1.5 0.01 0.01 06 1.2
Laplace 0.02 0.01 0.6 1.3 0.00 0.01 0.8 1.0
Two-piece Laplace 0.09 0.12 0.3 1.9 0.04 0.05 0.7 1.5
Inferred 0.09 0.10 0.3 1.8 0.04 0.05 0.6 1.4
LASSO-LS 0.00 10.9 2.3 0.00 18.0 1.8
LASSO-LAD 0.00 9.4 23 0.00 15.6 1.7
LASSO-QR 0.00 83 2.5 0.00 14.0 2.0
SCAD 0.01 5.7 2.1 0.00 10.2 1.6

Table 6S: Simulation results under ¢ = 2. ~g: true predictors. 7: selected variables. CC: number
of correctly classified variables ( ?:1 I(7; = 705)). FP: number of false positives; TP: number of
true positives. LASSO-LAD and LASSO-QR are equivalent when o = 0
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Truth Average p(Yp+1, Vp+2 | ¥)
Yo+1 =W+2=0 w1 =L wpr2=0 %1 =02 =1 Ypr1 =7p42=0
N(0, ;) 0.000 0.000 0.914 0.086
AN(0,9;, —0.5) 0.000 0.003 0.096 0.901
L(0, ;) 0.000 0.000 0.906 0.094
AL(0,9;,—0.5) 0.000 0.000 0.053 0.947

Table 7S: Inference on the error distribution under the p = 6 simulation and heteroskedastic
¥; % 9 errors
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Plyo=1]y) P(yp=1]y) Plu=1ly) Plys=1]y) Plw=1]y)
q=0.05 0.425 0.834 0.961 0.017 0.015
q=0.25 0.751 0.950 0.996 0.016 0.015
g=0.5 0.796 0.970 0.999 0.020 0.016
q=0.75 0.769 0.969 0.999 0.016 0.012
qg=0.95 0.473 0.912 0.987 0.016 0.016

Table 8S: Average marginal P(y; = 1 | y) at multiple quantiles ¢ = 0.05,0.25,0.5,0.75,0.95 (i.e.
conditioning on asymmetric Laplace errors with fixed & = 2¢g — 1) under the p = 6 simulation and
heteroskedastic ¢; ~ N(0,v;), ¥; e%i ¥ errors. Simulation truth is § = (0,0.5,1,1.5,0,0)
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TP FP
Zellner, Normal errors | 2.8 21.3
pMOM, Normal errors | 3.0 12.0
pMOM, inferred errors | 2.8 10.5
peMOM, Normal errors | 1.9 2.9

Table 9S: Number of true and false positives in non-id example with 0.5 probability of degenerate
(yi,z;) = (0,...,0). p=mn =50, 0" =(0.1,0.1,0.1,0.1,0.1,0,...,0), ¥* = 2
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Gene symbol | Normal | Inferred
C6orf226 1.000 1.000
ECH1 1.000 1.000
CSF2RA 1.000 1.000
RRP1B 0.944 0.999
FBXL19 0.993 0.658
MTMR1 0.183 0.467
SLC35B4 0.209 0.332
RAB3GAP2 | 0.007 0.040

Table 10S: Six genes with largest p(y; = 1 | y) in the DLD dataset under assumed normality and
inferred error distribution.
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a=-0.5

Model P(y|y)
C6orf226, ECH1, CSF2RA, FBXL19, RRP1B 0.384
SLC35B4, Cé6orf226, ECH1, CSF2RA, RRP1B 0.349

SLC35B4, C6orf226, MTMR1, ECH1, CSF2RA, RRP1B 0.127
C6orf226, MTMR1, ECH1, CSF2RA, FBXL19, RRP1B 0.049
C6orf226, MTMR1, RAB3GAP2, ECH1, CSF2RA, RRP1B | 0.023

a=0
Model P(y|y)
C6orf226, MTMR1, ECH1, CSF2RA, FBXL19, RRP1B 0.454
C6orf226, ECH1, CSF2RA, FBXL19, RRP1B 0.258
SLC35B4, C6orf226, MTMR1, ECH1, CSF2RA, RRP1B 0.108
SLC35B4, C6orf226, ECH1, CSF2RA, RRP1B 0.061
C6orf226, MTMR1, RAB3GAP2, ECH1, CSF2RA, RRP1B 0.016
a=0.5
Model P(y|y)
C6orf226, ECH1, CSF2RA, FBXL19, RRP1B 0.399
SLC35B4, C6orf226, ECH1, CSF2RA, RRP1B 0.359

SLC35B4, C6orf226, MTMR1, ECH1, CSF2RA, RRP1B 0.120
C6orf226, MTMR1, ECH1, CSF2RA, FBXL19, RRP1B 0.051
SLC35B4, C6orf226, RAB3GAP2, ECH1, CSF2RA, RRP1B | 0.008

Table 11S: DLD data. Top 5 models when conditioning on asymmetric Laplace residuals and fixed
a=—0.5,0,0.5
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